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1 Jan 27, Intro and calculus review

1.1 Introductory remarks

e Differential equations are the central formalism in all of the most important physical theories, and
are of great importance in many other branches of science and engineering, as well as in pure
mathematics.

— For example: “Newton’s Second Law”, “Maxwell’s Equations” from electromagnetism, “Ein-
stein’s Field Equations” from general relativity, “Schrodinger’s equation” from quantum me-
chanics, are all systems of differential equations.

e Roughly speaking a differential equation is an equation containing (ordinary or partial) derivatives.

e Example: Newton’s Second Law F = ma is really F' = m‘é%, where u(t) is the position of a given
object with mass m.
— F typically depends on u and maybe on %.
— For example, for a massive body in a central gravitation field, we have F' = —G ﬁ for some
constant G, so the equation becomes fG# = %.

— The “unknown” in this equation, for which one might try to solve, is u. It appears twice, with
different amounts of derivatives. A solution would not be a number as in an ordinary equation
but a function of time: the trajectory of the body in question.

e In Newton’s equation, the variable u is actually a vector-valued — i.e., R3-valued — function.

Thus, the equation is actually a system of three equations.

— As you learned in linear algebra, a system of linear equations is most fruitfully understood as
a single matrix equation Av = b.

The same kind of thing is true in the theory of differential equations, and moreover there are
some interesting and important further ideas in linear algebra which come in.

This is why linear algebra is also part of this course.

e Newton’s equation only contains ordinary derivatives and is thus a so-called Ordinary Differential
Equation (or ODE).

— By contrast, all of the other equations mentioned above are Partial Differential Equations
(or *PDE*s).
— We will be dealing almost exclusively with ODEs in this class.

— Just to give you an idea, a simple example of a PDE is the heat equation, which looks like this:
Qu (4 L
ot (bx) = —g(t, @)
1.2 Calculus review
On engineers and mathematicians
e There are two ways of approaching the subject of differential equations.

— The “mathematician’s way” gives precise definitions of all the objects under consideration, and
rigorous proofs on the basis of those definitions.



— The “engineer’s (or physicist’s) way” rests on a basic intuitive understanding of all of the basic

objects (real numbers, continuous functions, limits, etc.) and their properties, and this intuition
is based on the physical objects and phenomena that these mathematical objects represent.

Feynman (“The character of physical law”): There are two kinds of ways of looking at mathe-
matics, which [...[ I [...] call the Babylonian tradition and the Greek tradition. In Babylonian
schools in mathematics the student would learn something by doing a large number of examples
until he caught on to the general rule. [...] Also he would know a large amount of geometry, a
lot of the properties of circles, the theorem of Pythagoras, formulae for the areas of cubes and
triangles; in addition, some degree of argument was available to go from one thing to another.
[ .. ] But Euclid discovered that there was a way in which all of the theorems of geometry could
be ordered from a set of axioms that were particularly simple. The Babylonian attitude — or
what I call Babylonian mathematics — is that you know all of the various theorems and many
of the connections in between, but you have never fully realized that it could all come up from
a bunch of axioms.

e Both of these ways are valuable and important.

Sets

— And in fact, the “ideal mathematician” or “ideal engineer” don’t exist; everyone is somewhere

in between the two.

— As this is a mathematics course (MAT 308), we must to some extent emphasize the “math-

ematician’s way’: in principle, you should know the precise definitions of all the objects we
consider, be able to give precise statements of all the theorems we consider, and be able to
follow the proofs, and reproduce the simpler ones. (In principle, this also means being familiar
with the axioms of set theory — which, though a good thing, we will not insist on.)

— Thus, we begin with a quick review of the basic elements of set theory and calculus which we

will be using, to make sure we are all on the same page.

We take for granted all the notions of set theory, and the basic properties of and operations with
sets, which you know well by now.

The most important sets are N = Z>¢,Z,Q,R,C for the naturals, integers, rationals, reals, and
complex numbers, to all of which we shall return shortly.

— We write Ny or Z~¢ or something like that for the set of positive integers.
The product of two sets is the set of all ordered pairs X x Y = {(z,y) |z € X,y € Y}.
We write A C B or A C B for “A is a subset of B”.

— If we want to express that A is a proper subset of B, we write A C B
A relation R between sets X and Y is a subset of the product R C X x Y.

— We write “zRy” for (x,y) € R.

A function (or mapping or map) f: X — Y is a relation f C X x Y such that for every z € X,

there is a unique y € Y with zfy., i.e.

Ve e X,y e Y, xfy.

— We write f(x) for the unique y € Y such that x fy.



e A(n infinite) sequence in a set X is a function N — X (or Z>, — X for any n € Z).

As usual, we write (x;)72, for the sequence N — X with ¢ — z; for i € N.

e A finite sequence of length n € N or n-tuple in a set X is a function {1,...,n} — X.

— We write X" for the set of finite sequences of length n.

As usual, we write v = (v1,...,v,) for the tuple {1,...,n} — X given by i — v;.
More generally, given sets X1i,..., X,, we write X7 x --- x X, for the set of finite sequences
(z1,...,2zy) with z; € X; for each 1.

o We write X 2 Y if there exists a bijection between X and Y, and we write f: X = Y to indicate
that f is a bijection.

e We write YX for the set of functions X — Y and P(X) for the power set of X, i.e., the set of subsets
of X.

We have 2X = P(X) for any set X, where 2 is the set {0, 1}.

The real numbers

e We recall the main properties of the set of real numbers R with its operations +: R x R — R and
- R xR — R and its ordering “ <” C R x R:

e Field axioms

addition and multiplication are commutative and associative, and multiplication distributes
over addition

0 and 1 are identity elements for addition and multiplication, respectively (i.e., 0 + a = a and
1-a =a for all a € R).

(Exercise: 0 and 1 are each uniquely determined by this property!)
Every element a € R has an additive inverse (—a) (i.e., a + (—a) = 0).

Every element a € R — {0} has a multiplicative inverse a~!.

e Ordering axioms

< is reflexive, meaning a < a for all a € R.

< is antisymmetric, meaning a < bAb<a = a=0> for all a,b € R.
< is transitive, meaning a < bAb < c= a=c for all a,b,c € R.

< is total, meaning a < bV b < a for all a,b € R.

If a <bthena+c<b+ cforanya,b,ce K.

Ifa<band ¢>0,thena-c<b-cforanya,b,ce K.

e Completeness axiom

Given a set S C R, we say that a € R is an upper bound for S if s < a for all s € R, and we
say that S is bounded-above if it has some upper bound.

Completeness axiom: each bounded-above subset S C R has a least upper bound (or supremum)
sup S, meaning that sup S is an upper bound for S, and that sup S < a for every upper bound
a for S.

e In short, one says that (R, +,-, <) is a complete ordered field.




e On the basis of these axioms, one can prove all the familiar properties of the algebraic operations
and the ordering relation (an activity you have hopefully done before, and should try your hand at
if you haven’t).

— In fact, these axioms completely determine the real numbers in the following sense: given
any system (K, +,-, <) consisting of a set K, binary operations + and ~ on K, and a binary

relation < on K satisfying the above axioms, there exists a unique bijection F': R — K
satisfying F(a + b) = F(a)+F(b), F(a-b) = F(a)"F(b), and a < b <= F(a)<F(b) for all
a,be K.

*

*

(Such a bijection F' is called an “isomorphism of ordered fields”.)

(The aforementioned theorem establishes the uniqueness (up to isomorphism) of the real
numbers. One may still reasonably inquire about their existence: why must there exist
such a set satisfying these axioms at all? We simply take it for granted that it exists; if
one wants to construct it, this must be on the basis of some more basic axioms: either the
Peano axioms of arithmetic, or else the axioms of set theory.)

e The other number systems

We define the sets N, Z,Q C R as follows.
N C R is the smallest subset such that 0 € N and such that n + 1 € N whenever n € N.

*

*

7, —
Q=

Concretely, this means that N is the intersection (g g S of all subsets of R satisfying these
two properties.

It follows immediately from this that N satisfies the all-important principle of mathe-
matical induction: given any S C N such that 0 € S and n+ 1 € S whenever n € S, we
have S = N.

{a—b|a,be N} CR.
{a/b|a,be ZNb#0} CR.

Finally, C is simply defined to be R2.

*

Given (a1, b1), (a2,b2) € C, we set (a1,b1) + (az,b2) := (a1 + b1,as + b2), and (a1,b1) -
(a2, bg) = (a1a2 — biby, a1bs + agbl).

One may check that this makes C into a field (though of course, not an ordered field, since
there is no natural ordering of points in the plane).

Given a € R, we write a as a shorthand for (a,0) € C.

We also write i as a shorthand for (0,1) € C; we have i = —1.

Thus, we may write (a,b) = a+ bi for every (a,b) € C, and we then have (a1 + b17) + (a2 +
bgi) = (a1 + bl) + (az + bg)i and (a1 + bli) . (CLQ + bQi) = ajaz + blbgiQ + a1bai + agbii.



2 Jan 29, More calculus review and 10.1: Direction fields

2.1 Calculus review continued
Calculus

e We will be reviewing various topics from calculus (and linear algebra) as they come up; we will just
recall a couple of the most important ones here

e We consider functions f: I — R defined on some domain I C R.

— Typically, I C R will be an interval: a set of the form (a,b), [a,b), (a,b], or |a,b], where
a € RU{—o0} and b € RU {oo} and a < b.

e Limits:
— Given a function f: I — R and x € I, we have the limit lim,_,, f(z) and the one-sided limits
lim, ~, f(z) and limg~ 4 f(z) (each of which may or may not exist).
— Ideally, you should know the definition of the limit: lim, ,, f(x) = b means Ve > 0,35 >
0,Vxel,(0<|xr—al<d=|f(x)—0b| <e).

— But the most important thing is that you know the basic rules for limits: lim,_, f(z)+g(z) =
lim,_, f(2z) + limy—q g(x) (assuming the right-hand sides exists), and so on.

e A function f: I — R is continuous at a € [ if lim,_,, f(z) = f(a), and is continuous on I if it is
continuous at each a € I.

— Continuous functions satisfy the intermediate value theorem.
e Derivatives:

— f: I — R is differentiable at a € I if limy_,g w exists, and if so, this limit is called
f'(a).

— f is differentiable on I if it is differentiable at each a € I; in this case, we have the derivative
f' I —R.

x Theorem: Differentiability implies continuity.

— dy
— dx-

x Here, we are thinking of x and y as “variables”, with y varying “dependently” on x; then
dx represents an “infinitesimal variation” of xz, dy represents the resulting infinitesimal
variation of y, and the derivative is their quotient.

— We sometimes write y = f(z) and then denote the derivative by f(x)

x This is the classical way of thinking about functions, which has been preserved by the
physicists and engineers, but among mathematicians has been replaced by the set-theoretic
perspective.

« With some care, this notation can be used in a consistent and rigorous way (in fact, doing
so leads to some very interesting mathematics), but in general, it is best to follow the
physicists and engineers, and freely use our intuition about infinitesimals without worrying
about the formal definition; and then if we want a rigorous proof, we can always revert to
the formal, set-theoretic definitions.

x In any case, we often simply write % for f’.

— We write f” or 2 for the derivative of f" (if it exists), and f” and ) and f® and so on.

dxz?
— Again the most important thing is to know all the rules for derivatives: the sum rule, product
rule, quotient rule, chain rule, the rule for ", and the derivatives of everyone’s favourite
functions: sin, cos, €”, Inz, and so on.



We denote by C¥(I) the set of functions f: I — R such that the derivatives f, f”,..., f*
exist and are continuous; C°(I) is simply the set of continuous functions on I, and C*(I) is the
set of infinitely differentiable (or smooth) functions on I. All of the most common functions
are smooth.

e Partial derivatives

We consider functions f: U — R defined on a domain U C R".
Often, U will be all of R”, or maybe some product of intervals U = I; X - -+ X I,.

The definition of limit and continuity for such functions is exactly the same as in the single-
variable case,

% except that now, the absolute values |x — a| and so on appearing in the definition are now
considered norms.

* We recall the norm of v € R" is given as in the Pythagorean theorem: |[v| = (307, viz)l/ 2,

Given f: U — R and a € U, the i-th partial derivative of f at a, if it exists, is the “derivative

of f at a in the ¢-th coordinate direction, holding all other coordinates constant”.

For example, if n = 2, the two partial derivatives at (a,b) € U are

lim fla+ h,b) — f(a,b) and lim f(a,b+h)—f(a,b)_
h—0 h h—0 h

In general, the ¢-th partial derivative at a € U is

lim flat, ... ai—1,a; + hyaiz1, ... an) — f(ai, ..., an)
h—0 h '

There are many notations for the i-th partial derivative; the simplest are 0;f or f;; often we

write y = f(z1,...,%,), and then write gTy or % or Oy, f or fa,.

In practice, one evaluates the partial derivative with respect to x; by “pretending all the other
variables are constant and taking the ordinary derivative with respect to x;”.

e The chain rule

The sum, product, quotient rules for partial derivatives are just like those for ordinary deriva-
tives.
The chain rule is more interesting: if y; = fi(x1,...,zp) fori=1,...,nand z = g(y1, ..., Yn),
so that

z = g(fl(:cl, ces )y ey [T, ,a:m)),
then

0z Zn: 0z 0y
8@- = 8yj 8561 '
The chain rule is most elegantly expressed using the Jacobian (or total derivative) matrix.
For this, we must recall a bit about vector-valued functions and matrix multiplication, and we
will do this when it comes up.

e Sequences and series

The limit lim,_,o 2y, of a sequence (x,)0°,

that Ve > 0,dN € N,Vn > N, |z, —a| < e.

. n—oo
* We also write z,, —— a

if it exists, is defined as the unique a € R such




— Again, the most important thing is that you know the main rules for limits: the sum rule
limy, 00 ap + by, = limy, o0 @y + limy, o0 by, (assuming the right-hand side exists), the difference
—00

and quotient rules, and the rule that if f is a function which is continuous at a and z, —— a,
n—oo

then f(z,) —— f(a).
— The sum of the infinite series ZZO:O an, if it exists, is the limit limy_.o S, of the partial sums
SN = ZT]YZO Qp,.

— You should know the various tests for convergence: the comparison test, alternating series
test, absolute convergence test, ratio test, root test, integral test.

e Integration

— If I C R contains the interval [a,b] and f: I — R is any function, we can talk about the integral
f: f(x) dz, which may or may not exist, but always does exist when f is continuous, or even
continuous outside of finitely many points.

— Again, it is best — though perhaps not essential — to know the definition of the integral, in
terms of Riemann sums: at least for continuous functions, the integral fab f(z)dx is given by
the limit limpy_,o 252 SN fla+ iba).

* (In general (for not necessarily continuous f), the definition is a bit more complicated:
one has to consider arbitrary partitions a = g < -+ < xny = b, and not just the “regular
partition” x; = a + zb_T“)

* The notation f; f(z) dx is meant to represent an “infinite sum of infinitesimals” (the inte-
gral sign is an “S” for “sum”). This is the classical notion, which again has been superseded
by the modern set-theoretic definition. Again, it can be made rigorous with some effort,
and again, we do well to follow the physicists and engineers in freely using this intuition
when it is useful.

— Again, the most important thing to know are the various rules, among which the most impor-
tant is the fundamental theorem of calculus:
* The integral ff f(z)dz is equal to F(b) — F(a) where F': [a,b] — R is any anti-derivative
of f, meaning a function with F' = f (assuming that an anti-derivative exists!).
* Moreover, if f is continuous, then an anti-derivative does exist.
x When anti-derivative F' of f exists is uniquely determined up to a constant C' € R, and
the “indefinite integral” is defined as [ f(z)dz = F(z) + C.

— Other rules you should know include: the sum and difference rule, the substitution rule, and
integration by parts, as well as the million little tricks you've learned to apply these in various
special cases.

— We will review the important topics of multi-variable integrals and improper integrals if and
when they come up.

2.2 10: First-order ODEs

e We now begin our study of differential equations.

— As a preliminary definition, a differential equation of order n is an equation whose unknown is a

function y(z), and which may involve the derivatives of y up to order n, that is y, v, " . .. Ly,

as well as x itself.

— Examples of order 1 and 2 are

y'(x) +yle) =z and y'(x) + 9/ (x) = 0.

10



which we usually just write as
v +y=2x and ' +y =0.

— A solution to this equation on an interval I C R is then a function y: I — R which satisfies
this equation for all z € I (in particular, y must be n times differentiable).

* In principle, one can consider differential equations on any domain I C R, and not just
on an interval I. But if I is not connected, say for example, I = Iy U Iy, where I; and I
are disjoint intervals, then a solution to the differential equation on I just amounts to a
solution on I; and a separate solution on Is.

— For example, y(x) =z — 1 and y(x) = e~ are solutions to the above two equations.
— (As with ordinary equations, we are often not interested in finding a solution, but in finding

all possible solutions.)

e The above definition will be perfectly satisfactory for our purposes, though it is also good to give a
more precise, formal definition of what we mean by a “differential equation”, which one can do as
follows.

— We define a(n ordinary) differential equation of order n to be an arbitrary function F: R**! —
R (or more generally U — R for some U C R"2).

s Intuitively, we think of F' as representing the equation 4™ = F(z,y,1/,...,y™ V).

* (One can more generally consider so-called “implicit” equations given by a function E(z,y,v/, ..., y(")),
which we think of as representing the equation 0 = F(x,y,v/, ..., y(")), but this is rarely
done.)

— A solution to the differential equation F' on I C R is then a n-times differentiable function
y: I — Rsuch that ((z,y(2),y'(2),...,y" (@) € Uand) y™ (x) = F(z,y(x),y (x), ...,y V(z)) =
0 for all x € I.

— For example, in this formalism, the above two equations would be given by the functions
F(x,y0) = = — yo and E(z,yo, y1) = —y1, respectively.
— An example where we have to take some U C R" is the equation y” = 1/y + y, where

F(z,v0,91) = 1/y1 + yo, and so the largest U we can take is {(x,y0,y1) € R* | y1 # 0}.

e To begin with, we will be considering only first-order differential equations.

2.3 10.1: Direction fields

e We consider an arbitrary first-order equation

y = F(z,y).

— Any solution y(z) passing through (xg,yo) must have slope F(xg,yo) at that point.

— Thus, we think of F(z,y) as assigning a slope to each point (which we can represent as a short
line segment through that point with that slope); this is called a slope field or direction
field.

— This is not to be confused with a vector field.

— We can draw the direction field F(z,y) by sampling several points and drawing line segments,
or we can first find several solutions to the differential equation, and then simply plot various
tangents along the resulting graphs.

11



Example 10.1.1

e Consider the equation y' = —y/x for x # 0.

e We sample the slopes at a few points:

(r,y) Yy =-y/z
(1,1) 1
(1,2) 2
(2,1) -1/2
(-1,2) 2
(-2,2) 1

e We obtain a picture as in Figure 10.2 (a)
e Let’s solve the equation!

— Let I C R be one of (—00,0) or (0, 00).
Suppose that y: I — R is a solution to y' = —y/z.

Rearrange: xy’ + y = 0 (equivalent by the assumption x # 0).
— Product rule: (zy)’ = 0.

Thus x - y(z) is some constant c.

- Soy=c/x.
e Thus, every solution is of the form y = ¢/x.

— Conversely, since each step above was a logical equivalence, it follows that y = ¢/z is always
a solution (as one can also check directly).

— We may say that the general solution to the equation is y = ¢/z with x € R.

e We can plot the solutions and see they are tangent to our slope field.

12



3 Feb 3, 10.2: Separation of variables

3.1 10.1: Direction fields
Example 10.1.2
e If F(z,y) is independent of y, the equation takes the form
y' = G(a);
assume G is continuous.
e Then the solutions are simply the antiderivatives of G: y = [ G(z)dz + C.

— All of the solution curves will be parallel to each other, as one can also see from the direction
field.

e Example: 3/ = cosz.

— Then the general solution is y = sinx + c.

— Note: when discussing the solutions to a differential equation, one should always first state on
which interval I one is seeking solutions y: I — R, though this is often left implicit.

— So here, we should say we are seeking solutions y defined on all of R, and then the general such
solution is y = sinx + c.

Example 10.1.3

o We see that differential equations tend to have many solutions.

We can add extra conditions to a differential equation to single out a particular solution.

e If we demand that y passes through a given point (zg, o), i.e., that y(zp) = yo, this is called an
initial condition. (More generally, we can demand that y® (z;) = ;.)

e The problem of satisfying a differential equation with a given initial condition is called an initial
value problem (IVP).

e The name comes from thinking of x as the “time parameter” and xg as the “initial time”.
e We return to y/ = —y/z, x # 0 with solutions y = ¢/x.

— Now consider the initial value problem (z,yo) = (1/2,2).
— We thus have 2 = ¢/(1/2) and hence ¢ = 1.
— The (unique!) solution to the IVP is thus y = 1/x, > 0.

e We can also solve the general IVP for a given (zg, yo).

— We have yg = ¢/xq, so ¢ = xoyp, and the solution is y = zoyp/x, with = € (0, £00) depending
on the sign of xg.
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3.2 10.2B: Separation of variables

e Among the first-order equations ¢y = F(z,y), we have seen that the simplest case is when F(z,y)
doesn’t depend on y. We can then solve it simply by integration.

e We now study the more general case in which in which F(z,y) is of the form f(x) - h(y).

Supposing h is non-zero and setting g(y) = h~!(z), these are thus the equations of the form
9() -y = f(z).

These can often also be solved simply by integration, using a method called “separation of
variables”.

Writing g(y)% = f(z), we obtain “g(y) dy = f(z)dz” and hence

[oway= [ r@az

Computing antiderivatives F' and G of f and g, we thus have G(y) = F(z) + C, and can thus
find y as long as we can solve for y in this (non-differential-)equation.

(We can do the above computation without using “differentials” we simply have % =

y'(z) - g(y(x)) = f(z) by the chain rule, and hence G(y(z)) is an antiderivative of f(x).)

Example 10.2.3

dprP

e We consider the differential equation ‘3 = kP, where k > 0 is a constant.

This describes the rate of growth of a population of bacteria of size P(t) (say in grams), in
which each bacterium reproduces at a rate of k bacteria per second.

As always in mathematical modelling, we are making simplifying assumptions in this equation,
so we can only expect the solution of the equation to give an approximation to the population
growth of the bacteria.

e We know from experience that the solution is P(t) = Ke* for some constant K.

But let us see how we could have arrived at that using separation of variables.

Assuming P is always positive, we have [ % dP = [kdt, hence In P = kt + C, hence P(t) =
oht+C — Okt

The solution to the IVP P’ = kP; P(0) = Py is thus P(t) = Py - e¥.

(Assuming instead that P is always negative would given In(—P) = kt + C and hence P(t) =
—e% - eFt and thus again P(t) = Pyef; assuming just that P is non-zero would also lead to the
same conclusion, since being differentiable and hence continuous, it is then always positive or
negative.)

Be careful: in this computation, we had to make the assumption that P is non-zero, so that
we could divide by it. If this assumption wasn’t valid, our solution may be incorrect. However,
we can just check directly that our solution ¢s correct.

e This obviously isn’t a realistic solution for large ¢; one problem is that our model doesn’t include
the amount of food available to the bacteria.

o If we look carefully at what we did, we see that we almost showed that this is the unique solution to
the IVP; the only problem is we had to assume P was non-zero; the possibility remains that there
are other solutions which are zero somewhere (besides the obvious one P(t) = 0).
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— The trick to show uniqueness without this assumption is to consider the product P(t) - e,

— We then have & (Pe~*) = kPe* — kPe k' = 0. Hence e ¥ - P(t) is equal to a constant K
and P = Ke™ !, as desired.

— We will return to this trick of “exponential multipliers” soon.

— (We also have uniqueness by the general uniqueness theorem we stated, but that is overkill.)

Example 10.2.6

e We consider a tank of a chemical solution, in which a particular chemical is flowing in and out at a
particular rate.

e We let S = S(t) be the amount of chemical at time t. Then
ds .
T (rate of inflow) — (rate of outflow).

Example: a 100-gallon tank contains 150 pounds of salt of salt in solution at time ¢ = 0.

— A salt solution with 2 pounds of salt per gallon is being added at a rate of 2 gallons per minute.

— The solution, which we take to be homogeneous, is flowing out of the tank at a rate of 2 gallons
per minute.

— Thus salt is flowing in at 4 pounds per minute, and out at 25(¢)/100 pounds per minute at
time .

Thus S satisfies the IVP % =4- 12—6%; S(0) = 150.

e We solve it using separation of variables

— We have [ Sggoo =—/ %; we see that this will only be valid if S — 200 remains non-zero for
all time. Since S(0) — 200 = —50, we suppose it remains negative for all .

Hence In (—(S — 200)) = —¢/50 + C.
Hence S = 200 — e“e~1/%0.
— The initial condition gives 150 = S(0) = 200 — ¢“ and hence ¢ = 50.

Hence S = 200—50e*/%0; this is plotted in Figure 10.9; it has a positive slope and an asymptote
limy o S = 200.

— Checking directly, we see that this is indeed a solution to the equation.

e (Again, we had to assume S # 200 here, so we haven’t proven that this is the unique solution; again,
we can circumvent this using an exponential multiplier.)

— Note however that the uniqueness is important, from a scientific perspective: to draw the
conclusion that the amount of chemical in the tank evolves in the way that we found, on the
basis of the fact that it solves the given IVP, we have to know that it is the only solution to
the IVP.
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4 Feb 5, 10.3: More separation of variables; existence and uniqueness
theorem
4.1 More of 10.2B: Separation of variables
Example 10.2.4
e Consider y' = y/x, for z € R — {0}.
— The direction field is shown in Figure 10.7.

e By separation of variables we have y~'dy = z~!dz, hence In|y| = In|z| + C, hence |y| = %|z|,

hence y = +eCx.

— Thus, the solutions are y = kx for k € R.

— (We should really be more careful here and say that we are looking for solutions on (—oc,0)
or on (0, 00), since otherwise we could also have solutions like

y(w)—{x x <0

20 x> 0.

— (The same is true in general when we say [z~ dx = In|z|+ C: if we take the function 271 to
be defined on all of R — {0}, then the anti-derivative is only determined up to two constants:
one on (—o00,0) and one on (0,0).)

e To prove uniqueness without needing y to be non-zero, we can use a similar trick to last time: we
have 0 = 3/ — y/x and hence 0 = ¢/ /x — y/2? = %. Hence y/x is a constant.

— (This is secretly again a case of the method of “exponential multipliers”.)

4.2 End of 10.1: existence and uniqueness
Example 10.1.4

e In the previous examples, there was a unique solution to each IVP ¢’ = F(z,y);y(z0) = yo, and
this solution extended over the whole given domain; both of these features can fail.

e Consider

y =4V v=0
0, y <0.

— The direction field for this is shown in Figure 10.3 (a).
— It has two solutions y: R — R passing through (z¢,y0) = (0,0): y(z) = 0 and

y(x):{o, <0

x2/4, x> 0.

* To conclude that y is differentiable and compute y'(0), we use the Theorem from calculus
that if a function f has a “left” derivative limy, ~o(f(a-+h)— f(a))/h and a “right” derivative
limp\o(f(a+h) — f(a))/h at a given point a, and they agree, then f is differentiable at a.

— In fact, there are infinitely many solutions to this IVP.

e As we will see, there is a simple condition on F'(x,y) which guarantees that this cannot not happen.
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Example 10.1.5

e Now consider ¢/ = 1 + 2.

The direction field is shown in Figure 10.3 (b).
— It has the solution y = tan z passing through (zg,yo) = (0,0).

This can only be extended to x € (—m/2,7/2) since it tends to +oo, despite F(z,y) being
well-behaved everywhere.

In particular, had we stated the problem in the form “find a solution to this IVP which is
defined on all of R”, the conclusion would have been that this problem does not have a solution.

e Again, this can be avoided by putting a simple condition on F.

Existence and uniqueness theorem

e We now state a general theorem which guarantees that a unique solution to a given IVP exists, if
we assume that F' satisfies certain conditions which in particular rule out the above pathologies.

— The existence result should be compared to analogous phenomena for polynomial equations.

— For degree 2 polynomial equations, we have an explicit method of solution, and even an explicit
formula; this is analogous to the explicit methods we have introduced and will introduce to
solve certain classes of differential equations.

— On the other hand, we also know the general result (whose proof is easy): every odd degree
polynomial equation has a solution. In this case, we are guaranteed on general grounds that
a given equation has a solution, but we are not given any means to find it. The following
existence theorem is of a similar nature.

e Theorem: Suppose F': U — R is continuous, where U = I; x Iy for some intervals I1,Is C R, and
that Fy,: U — R exists and is continuous.

— Then for any (zg,yo) € U, the IVP ¢/ = F(z,y);y(z0) = yo has a solution defined on some
interval I C I, and this solution is unique in the sense that for any two solutions y1: I — R
and yo: I' > R, y1(x) = yo(z) forx e INT.

— If moreover I = R and there exists B € R with Fy(z,y) < B for all (z,y) € U, then the
solution will exist on the entire interval I.

e The first condition fails for Example 10.1.4, since y +— ,/y is not differentiable at y = 0.

— The second condition fails for Example 10.1.5, since 1 + y? is not bounded as y — #00.
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5)

5.1

5.2

Feb 10, Proof of existence and uniqueness; 10.1: Numerical methods;
and 10.3: Linear equations

End of 10.1: existence and uniqueness

o We will sketch the proof of the existence and uniqueness statement from last time.

e The proof of the second part is fairly easy: the point is that if the slope of y(x) is bounded, then it
can only increase by a finite amount in finite time by the mean value theorem.

— The general fact is that if a function y: I — R satisfies |3/ (x)| < B for all z € I, then for any
a < bin I, we have |y(b) — y(a)| < B(b— a).

— Indeed, if we had |y(b) — y(a)|/(b—a) > B, then the mean value theorem would given y/(§) =
ly(b) — y(a)|/(b—a) > B for some & € (a,b), contradicting the assumption that y'(x) < B for
all z € 1.

— One then has to show that the only way that a solution to the IVP can fail to extend over the
entire interval [ is if it diverges to 4o0.

e The proof of the first part uses an ingenious trick called Picard iteration.

— One first converts the equation to the equivalent integral equation y(z) = y0+f;:0 F(z,y(z))dx;
this integral exists since F' is continuous.

— One then finds a sequence of better and better approximations to the solution:
— The first is simply f1(x) = yo.

— Then we inductively define fr41(z) = yo + fxxo F(z, fo(x)) dz.

— Finally, we define y(z) = lim;, 00 frn(2).

— We then have

T

() =l fule) = lim (o) = lim g+ [ P ful@)do=vo+ [ Flay(a) do,

0

as desired.

— The tricky part is to show that the limit defining y actually converges (and that the ex-
changing of limit and integral in the last equation is legitimate); this is where the assumption
is used that F), exists and is continuous.

e (This is an instance of the general technique of finding fixed points using iteration: given a domain
U and a continuous function G: U — U, if we want to find a fized point of G, i.e., a point x € U
with G(z) = x, we can choose some arbitrary zo € U, and iteratively define z,,11 = G(zy,), and set
x = limy, o0 @y, if this limit exists. Using the continuity of G, we then have G(z) = G(limy, 00 Tn) =
lim, 00 G(2) = limy, 00 Tpy1 = , as desired.)

10.1B: Numerical Methods

e In scientific applications, it is often important not to explicitly solve a given IVP ¢/ = F(z,y);y(z) =
yo (which often cannot be done anyway), but to compute numerically an approximation to its solu-
tion.

— This amounts to running a simulation of a quantity y whose rate of change at each time x is
given by F(x,y).

— Geometrically, it amounts to tracing out a curve tangent to a given direction field.
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e A straightforward way to do this Euler’s method:

— Fix some step size h > 0.

— We are given x¢ and yg.

— Now define z,, = 29 +n - h for n > 0, and recursively define y,4+1 = yn + F(zn, yn) - h.

— It is easy to implement this in any programming language; an example is given in the book.

e There are many ways to improve this algorithm, and there is a whole field dedicated to studying
such things.

— A central problem that arises is the accumulation of rounding errors, for example if one tries
to make the above step-size parameter h too small.

— One such improved algorithm is discussed in the book.

5.3 10.3: Linear equations

e A first-order equation 3y’ = F(z,y) is called linear if F is of the form F(x,y) = —g(x)y + f(x).

— The equation can then be written as y' + g(z)y = f(z); this is called its normalized form.

— The name linear corresponds to the fact that L(y) = v’ + g(z)y is a linear function of y: we
have L(y1 + y2) = L(y1) + L(y2) and L(a-y) = a - L(y) for a € R (we will return to this when
we do some linear algebra review).

Thus, a linear equation has the form L(y) = f(z) for some linear operator L.

Just like in linear algebra, we call the equation homogeneous if f(z) = 0 and inhomogeneous
otherwise.

Example 10.3.1

/
e In the homogeneous case, if we assume y is never 0, we obtain % = —g(x).

e Integrating, this gives Iny = —G(X) 4 C for some C € R if y > 0 and In(—y) = —G(x)dz + C if
y < 0, where G is some anti-derivative of g, i.e., [ g(z)dz = G(z) + C.

e Hence y = £e¢%e%®) and so in either case, y = Ke 6@ = Ke[9@)dr for some K # 0.

— As usual, we can now check directly that this is indeed a solution.

— (And we notice that K = 0 also yields a solution.)
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6 Feb 12, More linear equations, and linear algebra review

6.1

10.3A: Exponential integrating factors

In order to show that the solution y = Ke~¢®) is the general solution (which we don’t quite know
since we had to assume y # 0), we use a trick we have used before, and divide the original equation

by the known solution y = e~¢(@).

— We obtain 0 = e%@y/ + X g(z) = L (C@)y),
— Note that this is equivalent to the original equation, since we have multiplied by both sides by
a non-vanishing quantity.

G(z)

— Thus, we see that for any solution y to this equation, e~'*/¥ must be constant, and so y =

Ke G for some K € R, as desired.

This is the trick of “exponential integrating factors” and it also allows us to solve linear equations
in the inhomogeneous case.

For the equation '+ g(x)y = f(z) in normalized form, the exponential integrating factor is M (z) =
J 9(z) dz
e .

We multiply the equation by M and obtain
efg(x)dzyl + g(x)efg(x)dx _ f(x)efg(:(;)dx

Using the product rule, the left-hand side is %(yefg(x) d) "and the equation becomes

i(yefg(fﬂ) dﬂﬁ) _ f(x)efg(x) de

dx
Now we can just integrate the right-hand side and solve for y.

— Again, the original equation is equivalent to the equation after multiplying by M since M is
nowhere zero.

Example 10.3.2

6.2

Let’s solve 3/ = zy + x.

We rewrite it in normalized form y' — zy = x.

Multiply by the integrating factor y’e*x2/2 — avy«e*“”g/2 = ze~ /2,

Now integrate ye‘x2/2 — _e 7?24 C.
Thusy = -1+ Ce—°/2.

Since each step was an equivalence, this is the general solution to the equation (with domain R).

10.3B: Applications

Example 10.3.5

Newton’s law of cooling says the surface temperature u(t) of an objects changes at a rate proportional
to the difference to the ambient temperature f(t) (which we are assuming might also vary with time).

— Thus v = k(f — u) for some k > 0.
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6.3

— k should be positive so that u’ < 0 precisely when f < u.

It is supposedly quite accurate in certain situations, but as with all empirical laws, it has its limi-
tations.

— Ideally, in addition to testing the law with experiments, one should develop a mechanism (for
example, in terms of the jiggling of molecules) which explain why it should hold; this makes it
easier to understand under which circumstances it should and shouldn’t apply.

Writing this as v’ + ku = kf(¢), this is just a special case of a linear first-order equation in which
the coefficient of u is constant.

We obtain u'e* +uet = k f(z)e* and hence ue* = [ kf(x)ert dt+C and hence u = ke=* [ f(t)ek* dt+
Ce™"t,

— We fix the lower-bound of the integral to t = 0, giving C' = «(0) and hence u = ke ™" fot f(s)eks ds+
u(0)e k.

If the ambient temperature is constant, f(t) = fy, we obtain u = kfy(1 — e ") + u(0)e " =
kfo+ (U(O) - k‘fo)efkt.

— Thus u(t) 1220 £, as we would expect.

Abstract vector spaces

We review the concept of an abstract vector space.

There are both real and complex vector spaces. In order to handle both at the same time, in what
follows, we let K stand for one of R or C.

— (Actually, the notion of vector space makes sense when K is any field.)

The motivating examples of vector spaces are the familiar ones K"; the abstract definition results
from isolating the most important features and properties from these. One should keep this example
in mind when considering the general definition, but as we’ll see, there are lots of other interesting
examples as well.

Definition: a vector space over K or K-vector space is a triple (V,+, x) where V' is an arbitrary
set (whose elements we call vectors), +: V x V' — V is a binary operation on V (called “addition”)
taking any two elements u,v € V to an element u+v € V, and x: K x V — V is an operation
(called “scalar multiplication”) taking an element r € K and an element v € V to an element
r x v €V (which we also write as r - v or just rv € V).

— These are required to satisfy the following axioms:

Addition is associative and commutative, and has an identity element 0 € V' (i.e., v+ 0 =v
for all v € V). (Ezercise: it follows that there is a unique such element, which we call the
“zero vector” of V.)

— Each v € V has an additive inverse (—v) (i.e., v+ (—v) = 0). (Ezercise: it follows that for
each v, there is a unique such element —v.)

Scalar multiplication distributes over vector addition and scalar addition, i.e., r - (u+ v) =
r-u+r-vand (r+s)-v=r-v4+s-viorallr,sc KanduveV.

—1.-v=vioralveV.

(r-s)-v=r-(s-v)forallr,se K and veV.
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e As is typical, we will often abuse notation and simply write V' in place of (V| +, x).

— For example, we may speak of “the vector space R3”, whereas the vector space is really the
triple (R3, 4, x).

e Examples:

— The original and most important example of a K-vector space is the set K™ of n-tuples of
elements of K. Addition and multiplication are given component-wise, i.e., (u1,...,u,) +
(U1, yvn) = (U1 + 01,0 Uy +Uy), and 7 - (v, ..., 0,) = (Tv1,...,70,) for r € K.

% (One should check that these operations indeed satisfy the axioms!)

x Of course, we usually picture R? as the set of points in a plane with a fixed pair of coordinate
axes and chosen units of length, and likewise R? is pictured as 3-dimensional space (and
R! as a line).

* (However, when considering them as vector spaces, we should really regard R?, for instance,
as the set of arrows in the given plane, where we identify two arrows if one can be brought
on top of the other by a translation; the reason is that it doesn’t make sense to add or
scale points, but we do know how to add arrows (in the usual head-to-tail manner) and
scale them. The identification between arrows and points of course follows from placing
the tail an arrow at the origin and passing to the point at its head.)

— A related example is the set K™*" of m x n-matrices. Formally, this is the set of functions
{(,j)|1<i<m;1<j<n}— K.

* As with tuples, given a matrix A, we write A;; in place of A(,j), and we represent a
matrix in the familiar way as a box of numbers:

A - A
A= z
Aml e Amn

x We also write A = (Aij)lgigm,jglgn or jUSt A= (AZ])

* Addition and scalar multiplication are again given component-wise: (A + B);; = A;j + Bij
and (r-A);j =r- A forr € K.

x Of special interest are the vector spaces K™ of column vectors and K" of row vectors of
length n. Of course, there are bijections K™ = K™! = K" and we may sometimes abuse
notation and simply write K™ in place of K™!.

— The above two examples generalize: given any set S, the set K of all functions S — K is a
vector space with operations (f + ¢)(s) = f(s) + g(s) and (r- f)(s) =r- f(s).

s In particular, the set RR of all functions R — R becomes a vector space in this way.
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7 Feb 17, More linear algebra

7.1

7.2

Subspaces

e A linear subspace (or just subspace) of a vector space V' is a subset W C V which is closed under

addition and scalar multiplication:

— This means that u,v € W implies u+v € W and rv € W for all r € K.
— In this case, W is again a vector space, with the same operations + and Xx.

The most familiar examples are the subspaces of R?, which are the planes and lines passing through
the origin, as well as R? itself and the singleton set {0} C R3.

Other interesting examples of vector spaces arise as subspaces of RR (or more generally of R’ for
any domain I C R):

— The set of continuous functions C°(I) and the set of smooth functions C*°(I) are each subspaces
of R® (as is C¥(I) for any k).

— The set of polynomial functions p(z) = > i ja;x’ (with n € N and a; € R) is a subspace of
R® and is usually denoted R[z].

— There is a further subspace R<4[x] consisting of polynomials of degree at most d.
— Similarly, one can consider polynomials C[z] (and C<g4[x]) over C.

— One should contemplate why these are all in fact subspaces!

Basis, dimension, etc.

Given vectors vi,...,Vy in a vector space V, a linear combination of these vectors is any vector of
the form > | a;v; = a1vi + - + apvy, with a1,...,a, € K.
The span Span(.S) of a subset S C V is the set of all linear combinations y ;" | a;v; with vq,...,v, €

S.

We say that S spans V or is a spanning set if Span(S) = V, i.e., if every element of V' is a linear
combination of elements in S.

We say that S is linearly independent if, whenever vq,...,v, € S are distinct elements and a;vi +
"'+anvn:07 thenalz...:anzo

— Equivalently, each element of V' can be represented in at most one way as a linear combination
of elements of S.

— Equivalently, no element of S is a linear combination of the other elements.

A basis for V' is a subset B which is both spanning and linearly independent (or equivalently, such
that every vector in V' can be represented in exactly one way as a linear combination of elements of

S).

— K™ has the standard basis ey, ..., e,, where e; is the vector ¢; = (0,...,1,...,0) with a single
1 in the i-th place and 0 elsewhere.

— It is often useful to regard a basis not as a set B C V, but as a tuple B € V"; in other words,
we remember the order of the elements in B, and in this case refer to B as an ordered basis.

— (However, we may sometimes abuse terminology and simply say “basis” when we mean “ordered
basis”.)
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If V has a basis B which is finite, then it is called finite-dimensional; otherwise, it is called
infinite-dimensional.

Theorem: if V is finite-dimensional, then any two bases of V' have the same number of elements,
and this number is called the dimension dim(V') of V; moreover, any linearly independent set of
vectors in V has at most dim V elements.

— Roughly speaking, the proof proceeds by taking an arbitrary linearly independent set S =
{ui,..., vk} C V and an arbitrary spanning set 7' = {vy,...,v;} C V, and swapping out
vectors in T for vectors in .S one by one until a new spanning set is produced which includes
all the vectors in S. This proves that k£ <[ for any such sets S and T' (and in particular that
k=11if S and T are both bases).

Examples of finite-dimensional vector spaces:

v | K" | K™ | K<g[a]
dim(V) ‘ n ‘ m-n ‘ d+1

— Examples of infinite-dimensional vector spaces: R¥, C?(R),C>(R), R[z].

Lemma: given any set vi,..., vy of linearly independent vectors in a vector space V', and a vector
Vit1 & Span{vy,...,vg}, the set {vy,...,vgy1} is still linearly independent.

Corollary (of the theorem and the lemma): if V' is finite-dimensional, then any subspace W C V
is finite-dimensional, and if dim W = dim V', then W = V.

— Indeed, if W were infinite-dimensional, we would have more than dim V linearly independent
vectors in V.

— And if dimW = dimV and W C V| then by the Lemma, we could extend a basis of W to a
larger linearly independent set of vectors, which would thus have more than dim V' elements.

Another Corollary: any linearly independent set of vectors vi,...,vi € V in a finite-dimensional
space can be extended to a basis vy ...,v, of V.

— Indeed, as long as k < n, we must have W = Span{vi,..., v} C V, hence we can find some
Vg1 in V=W, and the set {vy,...,vgy1} is still linearly independent; eventually, we will have
k =mn, and then vy, ..., v, will have to constitute a basis.
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8 Feb 19, Linear maps

8.1 Linear maps

e A function f: V — W between two vector spaces is linear if it preserves addition and scalar multi-
plication, i.e., f(v+w) = f(v) + f(w) and f(rw) =7r- f(w) for all r € K.

— It follows (by induction) that f preserves arbitrary linear combinations, i.e., that f(ajvy +
o apvy) = a1(vi) + -+ anf(vy) for any vi,...,v, € V and ay,...,a, € K.

— A linear map f: V — V from a vector space to itself is sometimes called a linear operator.

e Given a basis by,...,b, of V, any linear map f: V — W is determined by its values f(b;) on the
basis elements.

— And conversely, given any vectors wi, ..., Wy, there is a unique linear map f: V — W with
f(b;) = w; for all i; it is given by f(37; vibi) = Y1, viw,.

e FEzercise: the linear maps f: K™ — K™ are exactly those of the form

U1 aijvr + -+ apn

Um, Am1V1 + ** + QmpUn
for some elements a;; € K.

— In other words, we have f(v) = A v, where A = (a;;).

— Here, we are using matrix multiplication, which we recall is the operation K'*™ x K™*" —
len given by (A . B)z] = Z?:l Azk : Bkj~

e For any two vector spaces V and W, we write L(V, W) for the set of all linear maps V' — W; this
is a subspace of the vector space WV

— In the case V.= W, we simply write £(V') for the space L(V, V) of linear operators on V.

e Another important example of a linear map is the derivative operator D = <. ¢%(I) — C>(I);
this can also be considered as a linear map R<g4[z] — R<4_1[z] or for any d > 0.

— Similarly, we have seen the first-order linear differential operators L: C*°(I) — C*°(I) given by
L(y) = Dy + g(x)y =y + g(x)y for some g: I — R.
— There is also the integral map [ : C°(R) — C°(R).

e The kernel or nullspace of a linear map f: V' — W is the subspace ker(f) C V defined by ker(f) =
{veV|f(v)=0}.

— Ezercise: a linear map is injective if and only if its nullspace is {0}.

e The image im(f) of a linear map f: V — W (or in fact of any function between two sets) is the set

im(f) = {/(v) | v € V}.

e Theorem (the rank-nullity theorem or dim sum theorem): if V- and W are finite-dimensional and
f:V — W is linear, then dim(V') = dimker(f) 4+ dimim(f).

— In particular, if dim V' = dim W, then f is injective if and only if it is surjective.

e An isomorphism between vector spaces V and W is a linear map V' — W which is also a bijection.
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— In this case, the inverse map W — V is also linear (hence also an isomorphism).

— If there exists an isomorphism between V and W, we say that V and W are isomorphic, and
write V= W.

e Note that isomorphism is an equivalence relation: it is reflexive (V 2 V'), symmetric (V =2 W =

W 2 V), and transitive U X VAV ZW = U= W.

e Theorem: V is of finite-dimension n if and only if V" = K™.

— Indeed, if V' has a basis bq,...,b,, then each vector v € V has coordinates v, ...,v, with
respect to this basis, determined by v = viby + ---v,by,; the map V. — K" taking v to
(v1,...,vy) is then the desired isomorphism.

— An important consequence of this is that any linear map f: V' — W between finite-dimensional
vector spaces (say, with dim V' = m and dim W = n) can be represented by a n x m matrix,
because V =2 K™ and W = K".

* The matrix representation of f will depend on a choice of isomorphisms V' = K™ and
W = K™, which is to say on a choice of ordered bases of V and W.

* Given such ordered bases B = (vi,...,Vvy,) and C = (wy,...,w,,), the resulting matrix
A € K™™ can be described directly by the formula f(v;) = 377, Ajw; (i.e., the i-th
column of A consists of the coordinates of f(v;) with respect to C).

% Another way to say this is: if we write vg € K™*! for the coordinate vector of v € V
with respect to the ordered basis B, and similarly write we € K™*! for the coordinates of
w € W with respect to C, then we have (f(v))c =A-vge K™ forallveV.

e Other examples of isomorphisms:

— IfdimV =m and dim W = n, then £L(V, W) = K™™ and in particular L(V) = K™*™.
— The existence of these isomorphisms follows from the above theorem just by comparing dimen-

sions, but one can also establish the isomorphisms more directly by sending each linear map
to the matrix representing it.

* But, again, it is important to remember that this isomorphism will depend on choosing
bases for V and W.

— Important exercise: The above isomorphism takes composition of linear maps to matriz multi-
plication: given finite-dimensional spaces U, V, W with chosen ordered bases, and linear maps
f:U —V and g: V — W represented by matrices A € K™% and B € K™*™, the composite
map go f: U — W is represented by the product B - A.
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9 Feb 24, 3.7: Inner products

9.1 3.7A: General properties of inner products

e We introduce the notion of an inner product on a general vector space, which is a scalar-valued
binary function V' x V — R satisfying certain axioms.

— While the concept of abstract vector space allows us to reproduce many of the geometric features
of the motivating example R", it does not allow us to define the notions of length or angle,
which are of course crucial to studying geometry in R? and R3?; it is inner products that allows
us to reproduce these notions in an arbitrary abstract vector space.

— Just as the very notion of vector space is meant to capture the main features of the archetypical
case R™, so the notion of inner product is meant to capture the main features of the dot
product x -y = >, z;y; on R"; again, this motivating example should be kept in mind while
considering the definition, but it’s also important to remember that there are other interesting
examples as well.

o If U, V,W are K-vector spaces, a function f: U x V' — W is bilinear if it is linear in each argument,
when the other argument is held fixed, i.e., flau+u',v) =af(u,v)+ f(d,v) and f(u,av+v') =
af(u,v) + f(u,v') forallue U, ve V, and a € R.

— (Examples: the cross-product x: R? x R?® — R3 matrix multiplication K @by Kbe 5 Ko
composition of linear maps L(U, V) x L(V,W) — L(U,W).)

e A bilinear form on a K-vector space V is a bilinear function g: V x V — K.
e An inner product on a real vector space V is a bilinear form g: V x V — R which is moreover

— symmetric, meaning (u,v) = (v,u) for all u,v eV

— positive-definite, meaning that (u,u) > 0 for all u # 0

e An inner product space is a pair (V, ), where V is a real vector space, and : V x V — R is an
inner product on V.

— (Again, we often abuse notation, and just write say that “V is a inner product space”).

— (In particular, by “the inner product space R™”, we mean R" equipped with the standard inner

product.)
e Notation: for a given inner product §: V x V' — R, we will usually prefer to write (u,v) in place
of f(u,v).
— Accordingly, we may forego the additional name 3, and instead, inserting placeholders “—" for
u and v in the expression “(u,v)”, just refer to the inner product as (—, —): V. x V — R.
e Remarks:

— In light of the symmetry property, the bilinearity is equivalent to just being linear in one
argument.

— It follows from bilinearity that (0,0) = 0, and hence (by positive-definiteness) that (v,v) >0
for all v.

e Example: the bilinear forms on R™ are exactly the functions of the form (u,v) =377, a;ju;v; for
some real numbers a;;.
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In other words, (u,v) = u' Av where A = (aij)ij=1, and where we are identifying R with
R.

Recall here that for a matrix B € K™, we write B! € K™*! for its transpose defined by
(B)ij = Bji.

In particular, if we take A to be the identity matrix I,, (defined by (I,,);; = d;j), we obtain the
dot product u - v, also known as the standard inner product on R™.

* The symbol ¢;5, called the Kronecker delta symbol, is defined to be 1 if 7 = j and 0
otherwise

x Often we will just write I instead of I,, when n is clear from context.

e It is easy to see that such a bilinear form u' Av is symmetric precisely when the matriz A is
symmetric, meaning AT = A.

e Example 3.7.1

It is more difficult to determine whether the bilinear form arising from a matrix A is positive-
definite.

But here is an example: if A is a diagonal matrix (meaning A;; = 0 for ¢ # j) with positive
diagonal entries, then u' Av is positive definite (and hence an inner product, since A is clearly
symmetric).

In this case (u, v) is given by the simple formula ajju1v; + -+ 4+ apptnvy.

For a completely specific example, (u,v) = ujus + 2v1v9 is an inner product on R2,

Complex inner products

e There is also a notion of inner products over the complex numbers, the standard example being the
function C" x C" — C given by (w,z) — W - z.

Here, we recall that for a complex number z = a + bi, its complex conjugate is defined by
Z = a — bi (reflection across the real axis).

This has the fundamental property z - Z = |z|?, where we recall that the absolute value (or
modulus) of a complex number is defined by |z| = va? 4+ b? (distance from the origin in the
complex plane).

Another fundamental property of the complex conjugate is that it is compatible with addition
and multiplication: z+w=zZ+w and z-w = Z - w.
For a vector w € C", the complex conjugate is defined component-wise: W = (W, ..., W,).

We recall the important formulas Rez = (2 + 2) and Imz = (2 — z), where Re and Im are

the real and imaginary parts, defined by Re(a + bi) = a and Im(a + bi) = b.

e In general, on a complex vector space V, we define a function (—,—): V x V — C to be:

sesquilinear if it is linear in its second argument and antilinear in its first argument, meaning

(au+ v,w) = a(u,w) + (v,w) and (w,au+v) = a(w,u) + (w,v) for all u,v,w € V and
acC.

conjugate symmetric if (u,v) = (v, u) for all u,v € V.

an inner product if it is sesquilinear, conjugate symmetric, and positive definite (which as
before means (v,v) > 0 for all v # 0).

Again, a complex inner product space is a complex vector space equipped with an inner product.
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e Note that if V is a real vector space, and (—,—): V x V — R is a real-valued function, then the
definitions of sesquilinear and conjugate symmetric reduce to those of “bilinear” and “symmetric”
(since a = a for all a € R).

— Thus, for conciseness, we can define an inner product on a real or complex vector V all at once

Norms

by saying it is a sesquilinear, conjugate symmetric, positive definite function V- x V — K.

e Now let V' be a real or complex inner product space.

e We define the norm or length of a vector ||v|| to be the non-negative real number ||v|| = 1/(v, V).

— Note that ||[v|]| =0 <= v = 0 by positive-definiteness of (—, —).

— Some people just write |v| for the norm instead of ||v||.

e The norm has the following properties:

(“Positivity”) ||v|| > 0 for all v # 0

(“Linearity”) |lav|| = |a| - ||v]| for all a € K and v € V.

(“Triangle inequality”) ||lu+ v|| < ||u| + ||v]|

(In general, one calls a function V' — R having these properties a norm on V'; there are examples
of norms that do not arise from inner products, an example being [|—||3: R" — R given by

Ivlls = (i vf) /%)

e We have the important formula (in the real case): ||u + v||? = |ju|| + ||v]| + 2{u, v).

In the complex case, the formula is |Ju + v||? = ||ul| + ||v|| + 2 Re{u, v)

These formulas show that the inner product can be recovered from the norm, namely (in the
real case) as (u,v) = 5([|u+v]| — [[u] — [[v]]).

e Theorem (the Cauchy-Schwartz inequality): |(u,v)| < [ju| - ||v]| for all u,v € V, where
equality holds if and only if u and v are colinear (i.e., linearly dependent).

e Proof:

We give the proof in the real case; the complex case is very similar but a little bit more
complicated.

The case in which u = 0 or v = 0 is obvious, since then both sides are equal to 0 (and u, v are
colinear in this case).

Next, assume u,v # 0. Using bilinearity of the inner product, and the linearity of the norm,
we may divide both sides by ||ul| - ||v|| to obtain the equivalent inequality |(a,b)| < ||a]| - ||b||,
where a = u/||lul| and b = v/||v|.

We observe that ||al| = ||b|]| = 1; moreover, a, b are colinear if and only if u,v are. In other
words, we have reduced to the case of proving the inequality for unit vectors.

In this case, we have 0 < |la + b||?> = ||a||? + ||b||* & 2(a, b) = 2+ 2(a, b), and hence +(a,b) <
1 =|al - ||b]|, as desired.

Note that the inequality above is an equality if and only if a +b = 0.

e Example 3.7.1 again
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— Note that for the inner product (u,v) = ujv1+2usv2 on R?, the resulting geometry in the plane
is “distorted”. For example, (1,0) is still a unit vector, but (0, 1) now has length /02 +2-12 =
V2.

— The “unit circle” (the set of all vectors of length 1) is now an ellipse.

Angles

e We continue to fix a real or complex inner product space V.

e For u, v # 0, the Cauchy-Schwartz inequality can be rephrased as —1 < v < 1foranyu,veV.

([allliv

(u,v)

It follows that there is a unique 6 € [0, 7] with cos = iy

We define the angle Z(u,v) between u and v to be this number 6.

— This recovers the usual notion of angle in R? and R? because of the well-known formula u-v =
[[al[[[vl cos 6.

— u and v are called orthogonal, written u L v, if § = 7/2, or in other words if u-v = 0.

— This definition still makes sense when u =0 or v = 0.

We have the following version of the Pythagorean theorem:

~ Ifu L v, then [u+v|? = [ul+ |v]2

Example 3.7.1 again

— Note again that the non-standard inner product (u,v) = ujv; + 2ugvy on R? “distorts” the
notion of angle.

— For example, (1,0) and (0, 1) are still orthogonal, but (1,1) and (1, —1) are no longer orthogonal,
since ((1,1),(1,—-1)) =1—-2#0.
Example 3.7.2

e On the vector space C%([0,27]) of continuous real-valued functions on the interval [0,27], we can
define an inner product by the formula

2m
(f.9)= f(z)g(z)dz.

0

— One should check that this is indeed an inner product.

e This inner product is of central importance in Fourier analysis, the mathematical subject underpin-
ning of signal processing.

— In this subject, it is also important to consider continuous complex-valued functions; in this
case, the inner product can be defined by (f,g) = 027r f(z)g(z)da.
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10 Feb 26, 3.7B: Orthogonal bases; dual spaces

10.1 3.7B: Orthogonal bases

e A set S CV of vectors in a real or complex inner product space V' is orthonormal if (u,u) =1 and
(u,v) =0 for all u,v € V with u # v; i.e., all the vectors are unit vectors, and they are mutually
orthogonal.

— Any orthonormal set is linearly independent; indeed, if a;v1+- - -4a, v, = 0 where (v;, Vj> = 0;j
for all 4, j, then using linearity of (—, —) and orthonormality, 0 = (v;,0) = (vj,a1vi +--- +
anVvy) = a; for all i.

e An orthonormal basis is a basis which is also an orthonormal set.

e The standard example of an orthonormal basis is the standard basis of R™ or C" (equipped with
the standard inner product).

e In general, a basis by,...,b, of R™ is orthonormal if and only if the matrix B with columns
bi,...,by, is an orthogonal matrix, meaning that B' - B = 1.

We have the following nice formula for the representation of any vector with respect to an orthonormal
basis.

Theorem 7.4

e If by,..., b, is an orthonormal basis for an inner product space V, then v = (by,v)b; + -+ +
(by, v)by, for any v € V.

e Proof:
— Since by, ..., b, is a basis, we know that v = vi1by + - -+ + v, b,, for some uniquely determined
V1,...,0, € K.

— Using linearity and orthonormality (as in the above proof that orthonormal sets are linearly
independent), we conclude that (b;,v) = v; for all i.

Similarly, we have a nice formula for the inner product of any two vectors represented in terms of an
orthonormal basis.
Theorem 7.6

e If by,...,b, € V is an orthonormal basis for an inner product space V', then for any two vectors
x = z1b1+---+z,b, and y = y1b1 +- - - +y, by, their inner product is given by (x,y) = > | Ziy;.

— This follows immediately from (sesqui-)linearity and orthonormality.

Projection

e The above Theorem 7.4 can be understood geometrically as “any vector is the sum of its projections
onto the vectors of any orthonormal basis”; to understand this, we need the notion of projection.

e If u € V is a vector in an inner product space V', the (orthogonal) projection onto u is the linear

et

map Il,: V — Spanu given by Ilyv =

— When u is a unit vector, this simplifies to II,v = (u, v)u.
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— In this case, the length of the projection of v onto u is simply given by [(u, v)|.

— To understand where this definition comes from, one should consider the case of R? or R?, and
draw a triangle and do some trigonometry. (The definition is also justified by Theorem 7.5
below.)

e More generally, let by, ..., b, € V be any orthonormal set of vectors, and let W = Span(by, ..., by,,)
(so that by, ..., by, is an orthonormal basis of ).

— We define the (orthogonal) projection onto W to be the linear map Iy : V' — W given by
IIyyv = (b1, v)by + - - - (by,, v)by, (this should be compare to Theorem 7.4 above).

Theorem 7.5

e With V,W,bq,...,b,, as above, for any v € V, the orthogonal projection Ilyyv € W is the unique
closest vector to v in W, i.e., we have |v —IIyv| < ||[v—w] for any w € W, and if this is an
equality, then w = Il v.

e In particular, this proves that the orthogonal projection map Ily depends only on the finite-
dimensional subspace W and not on the given choice of orthonormal basis.

e The proof rests on the following observation, which is of independent interest: that v —Ilyyv 1L W
\) (“v — Iy v is orthogonal to W”), by which we mean (v — IIyyv) L w for every w € W.

— This follows by linearity as soon as we show that (v —ITyyv) L b; for every b;, and this follows
immediately from sesquilinearity and orthonormality.

e Proof of the theorem:

— Using the Pythagorean theorem and (v — IIyyv) L W, we have, for any w € W, that
v —wl|* = [I(v — Owv) + (wv — w)|[* = v = yv|* + [Ty — w|* > [[v - Ty

— Moreover, the above inequality is an equality if and only if ||IIyyv — w|| = 0, i.e., if and only if
Iy v = w; this proves uniqueness.
The Gram-Schmidt process

e What we showed above is that there exists an orthogonal projection operator Iy onto any finite-
dimensional subspace W assuming W has an orthonormal basis.

e We now recall the Gram-Schmidt process, which shows that any finite-dimensional inner prod-
uct space does have an orthonormal basis.

— More precisely, for any finite set of vectors vi,..., vy, € V is an inner product space, the Gram-
Schmidt process gives explicit formulas for a set of orthonormal vectors by, ..., by having the
same span.

e The process is to first produce a set of orthogonal vectors w;, by subtracting from each v; the
orthogonal projection onto the span of the previous vectors.

— That is, we define wi = vy, and then inductively define

. —— J—— <w17v> <W,‘,V>
Wit1 = Vi = Hgpanfwy,..wi} Vi = Vi = i EW1 =~ 2

W;.
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— If along the way, any v; was dependent on the previous v;’s, then we get w; = 0, and in
this case, we discard it (that is, we replace our original sequence vy, ..., v,, with the sequence
Vi Viel, Vigls o5 Vin)-

— We then define b; = ”VWV—’” to obtain an orthonormal set.

e (One can normalize the w; to obtain the b; “along the way” while performing the algorithm, instead
of doing it at the end, but doing so usually makes the computations more complicated.)
10.2 3.7C: Orthogonal transformations

e A linear map f: V — W between inner product spaces is orthogonal if it preserves the inner product,
ie, (fu, fv) = (u,v) for allu,ve V.

— Equivalently, || fv| = ||v|| for all v € V' (this follows from the formula which recovers the inner
product from the norm).

— Equivalently, ||fu— fv|| = [[lu—v] for all u,v € V| ie., f preserves the distances between
points.

e If by,...,b, is an orthonormal basis of V', then f is orthogonal if and only if f(b;),..., f(by,) is
still an orthonormal set.

— The = direction is immediate.
— The other direction follows because if u = >, w;b; and v = >, v;b; € V, then (u,v) =

> v =32, s uvi(bi, by), and (fu, fv) =32, 40;(f(bi), f(bj)) using the linearity of f and
sesquilinearity of the inner product.

o If V and W are real vector spaces, and we fix orthogonal bases of V' and W, then f: V — W is
orthogonal if and only if the matrix A € R™*" representing f with respect to these bases satisfies
AT A=1

e One can show that the orthogonal transformations R?> — R? and R?® — R?® (equipped with the
standard inner product) are exactly the usual rotations and reflections.

e An isomorphism of inner product spaces (or linear isometry) is a bijective orthogonal linear map.

— We say that two inner product spaces (V, (—, =)y ) and (W, (—, —)w) are isomorphic, denoted
(V,(—, —)v) = (W, (—, —)w) if there exists an isomorphism of inner product spaces V- — W.

e Theorem: any n-dimensional inner product space V over K is isomorphic to K™ (with the standard
inner product).

— Indeed, we have already seen that any choice by,...,b, of basis for V' determines a linear
isomorphism f: V — K™ with f(b;) = e;, the i-th standard basis vector.

— If this is moreover an orthonormal basis, then f is an orthogonal map, and hence an isomorphism
of inner product spaces.

o Example 3.7.1 again

— The theorem gives a new perspective on the “distorted” inner product (u,v) = ujv; + 2ugve:
we have an isomorphism f: R? — R? taking the distorted inner product to the standard inner
product, namely f(vy,v2) = (v1, V2 - v2).

— Hence, we can understand the distorted inner product (u,v) as being described by the proce-
dure “first apply f, then take the ordinary inner product”.
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10.3 Dual spaces

e The dual space V* of a vector space V over K is the vector space L(V, K) of all linear maps V — K
elements of V* are sometimes referred to as covectors, dual vectors, functionals, or linear forms.

e Each linear map f: V — W between vector spaces induces a dual map f*: W* — V* by composi-
tion: for ¢ € W*, we set f*(p) =po fe V™
— The dual map f* is linear.

— Moreover, the operation f +— f* determines a linear map L(V, W) — L(W*, V*).
— Given linear maps U ERRVEER W, we have (go f)* = f*og*: W* = U*.

e Any basis by, ..., b, of V gives rise to a dual basis ¢1, ..., @, of V* determined by the conditions
(pi(bj) = 6ij for all Z,j
— That these conditions determine functionals ¢; follows from the fact that a linear map is
completely specified by giving its values on any given basis.

— To see that the ¢; form a basis: linear independence follows from the fact that if p = Z?:l a;Pi,
then a; = ¢(b;) for all i; and the spanning property follows from the fact that for any ¢ € V*,
we have p = > | ¢(b;i)pi.

x Both these facts are established by evaluating both sides of the equation on all of the basis
vectors b;.

e Dual maps are related to transposes of matrices in the following way:

— Let V and W be vector spaces over K of dimensions m = dim V' and n = dim W, and fix bases
By of V and By of W, and hence dual bases By, and By, of V* and W*. Given a linear map
f:V — W represented by a matrix A € K™*™ with respect to By and By, the dual map
f*: W* — V* is represented by the matrix AT, with respect to the dual bases of By, and By,.

— To prove this, write By = (vi,...,Vy) and wi,..., Wy, and Bj, = (¢1,...,¢m) and B}, =

(1, -, ).
* We then have by definition that f(v;) =327, Aj;w;, and hence that ¥;(f(vi)) = Aji.
* Similarly, if B € K™*" is the matrix representing f* with respect to Bjj, and Bj,, then
f*(¥j) = 221% Bijpi, and hence (f*(¢;))(vi) = Bij.
* Hence
By = (f*(¥))(vi) = ¥;(f(vi)) = Aji,
so B= AT, as desired.

e Lemma: for any non-zero vector v € V in a finite-dimensional vector space, there is some covector
v € V* with ¢(v) # 0.

— Indeed, we may extend {v} to a basis, and take ¢ to be the dual basis vector corresponding
to v, so that p(v) = 1.

— (In fact, this Lemma also holds for infinite-dimensional spaces.)

e There is a natural linear map «: V — V** from a vector space to the dual of its dual space, given
by a(v) = evy, where evy: V* — K is defined by evy () = ¢(v).

— By the Lemma, « is always injective, since if evy = 0, then p(v) = evy(p) = 0 for every
peVr.

34



— If V is finite-dimensional, it follows that « is an isomorphism, since V' and V** have the same
dimension.

— That is, the map « provides a canonical isomorphism between any finite-dimensional

vector space and its double dual space.

e Note that if V is finite-dimensional, we not only have V' = V** but also V = V* simply for
dimension reasons: V & KdmV o~y

— However, unlike with V**, there is no canonical such isomorphism; one has to choose bases of
V and V* in order to produce an isomorphism V' — V*.

— (Actually, it suffices to just choose a basis of V, since this induces a dual basis of V*, and
hence an isomorphism V' = V* taking each basis vector in V' to the corresponding dual basis
vector.)

e There is another important source of isomorphisms V' = V*: on any real inner product space V there
is a canonical (i.e., only depending on the inner product, but on no further choices) isomorphism
p: V= V* which takes a vector v € V to the functional p(v): V' — R defined by p(v)(w) = (v, w).

— p is injective by positive-definiteness: if p(v) = 0, then (v,v) = p(v)(v) = 0 and hence v = 0.
— It then follows that p is an isomorphism since dim V' = dim V'*.

e If V = R™! is the space of column vectors, then V*, the space of linear maps R»! — R = Rb1 is
naturally identified with the space R™ of (1 x n)-matrices, i.e., row vectors.

— Under these identifications, the isomorphism V' = V* induced by the standard inner product
on R™! is then simply the transposition map R™! = RL™,

— This happens to be the same as the isomorphism induced by taking the standard basis of R™!
to its dual basis in RV,
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11 Mar 3, 11.1: differential operators

11.1 11: Second-order equations

e We'll now start to study second order equations y” = F(z,y,y).

e Mostly we’ll look at linear equations y” + f(x)y’ 4+ g(x)y = h(x), and more specifically, linear
equations with constant coefficients y" + ay’ + by = h(x) with a,b € R.

— Some examples:

y'—2y=ux
y// o 3y — 622
y' =3y +2y = f(x)

e Later, we’ll also look at some nonlinear equations such as y” + (y')? = 0.

11.2 11.1: Differential operators

e To solve a first-order linear equation ¢ + g(z)y = f(z), we used the exponential multiplier e/ 9(%)d7,

— If the equation has constant coefficients 3y’ + ry = f(z) (as in Newton’s law of cooling), this
simply becomes e"*.

— We recall that if y is any solution, we have " (y'+ry) = €"* f(z) and hence %(6””3/) =" f(x)
and y = Ce ™ + €77 [ " f(z) dx for some C € R.

— In what follows, we will be making further use of such exponential multipliers.
e Before proceeding, we introduce some notation
e For a given interval I, recall that we have the vector space C*°(I) of smooth functions on I.

— We denote by D: C*®(I) — C*>°(I) the differentiation operator given by Dy = v/.
— We recall that D can alternatively be considered as having different domains: for example, it can

regarded as an operator D: R[z] — R[z] acting only on polynomial functions; or alternatively
as a linear map D: CK*1(I) — C*(I) which lowers the degree of differentiability by one.

— It is good to keep these in mind and to be flexible in one’s interpretation of D.

— (There is a modern answer to the question of what is the “correct” “largest” space of functions
on which D can be said to act: this is the space of so-called Schwartz distributions; these
are generalizations of functions, which include all of the continuous functions (even the non-
differentiable ones!), and include (useful!) exotic entities like the Dirac delta distribution, which
is the mass-distribution function of a point particle with non-zero mass. We may return to this
later.)

e We recall that the set £(V') of operators on any vector space V itself forms a vector space.

— Thus we can form new differential operators by addition and scalar multiplication. For example
(2D + 31)y = 2Dy + 31y = 2y’ + 3y, where I € L(V) is the identity operator; normally we just
omit I and write 2D 4+ 3 in place of 2D + 3I.

— Moreover, we have the bilinear composition map o: L(V) x L(V) — L(V); given f,g € L(V),
we may just write g - f or gf for go f and write f2 for fo f.
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— We can thus obtain further examples by composition: for example (D? —1)y = D?y —1-y and
(D+s)(D+t)y=(D+s)(y +ty) =Dy +ty) + sy +ty) =y" + (s + 1)y’ + sty. Note that
using bilinearity of composition, we can say directly that (D + s)(D +t) = D? + (s +1t)D + st.

e We may thus say that a second-order linear differential equation with constant coefficients is one
of the form (D? 4 aD + b)y = f(x), the entity on the left being a second-order linear differential
operator.

Characteristic equations

e Let us now consider a homogeneous second-order linear differential equation y” + ay’ + b = 0.

e Motivated by the first-order homogeneous linear equation, let us look for solutions of the form
y — 67’.{5.

— (Such a guess about the general form of a solution is often referred to using the German word
Ansatz, meaning “approach” or “starting point”; so we can say “we make the Ansatz y = €"*”.)

— We find that this y is a solution if and only if (r? + ar + b)e™ = 0.

— The resulting equation 72 4+ ar + b = 0 is called the characteristic equation associated to the
given differential equation.

Example 11.1.3
ey’ — 3y’ + 2y = 0 has characteristic equation 72 — 3r +2 = 0.
e Factoring, we find this has roots 1 and 2.

2 are both solutions.

Thus y1(z) = €* and ya(z) =€

Since the operator L = D? — 3D + 2 (for which our equation is Ly = 0) is linear, we have L(ciy1 +
coy2) = 0 for any ¢1,co € R.

Thus, y(x) = c1e” + c2€?* is a solution for any ¢;,co € R.

In fact, this is the general solution, as we will learn how to prove next.
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12

Mar 5, 11.1B and 11.2A: More second-order equations

12.1 11.1B: Factoring operators

To find the general solution to a homogeneous second-order linear differential equation Ly = 0, we
factor L and reduce to solving first-order linear equations.

Example 11.1.4

We seek all solutions y: R — R to " + 53/ +6 = 0.
We have D? + 5D + 6 = (D + 3)(D + 2).
Thus, we are seeking solutions of (D + 3)(D + 2)y = 0.

We see that that the function v = (D + 2y) must solve the first-order linear ODE (D + 3)u = 0;
but we know the solutions to such an ODE: we must have (D + 2)y = u = cie~3% for some ¢; € R.

We have reduced to the (non-homogeneous) first-order ODE %/ + 2y = c1e73%; we know how to solve
this with exponential multipliers.

We have e?*(y' + 2y) = cie”®, hence %(ye%) = c1e7”, hence ye?® = —cie™ + ¢y, hence y =

—c1e73% 4 coe 2,

We have thus found the general solution; as expected, it is the same as the one resulting from our
Ansatz y = ™.

Theorem 11.1.1

The above procedure leads to the following general theorem:

— Given a differential equation y” + ay’ + b = 0, if the corresponding characteristic equation
r?2 + ar + b = 0 has two distinct roots r1,72 € R, then the general solution y: R — R to the
equation is y = c1e"* 4 cge™?".

— If the characteristic equation has a double root 1 = ro € R, then the general solution is
y = c1e"% + coze™?.

— In both cases, for any g, y0, 20 € R, the initial value problem
v +ay +b=0
y(zo) = 1o

y'(x0) = 20

has a unique solution (i.e., these initial conditions uniquely determine the coefficients ¢y, ¢o in
the general solution).

The proof:

As above, we can write the equation as (D — r1)(D — r9)y = 0.
— We thus have that y: R — R is a solution if and only if (D —r3)y = c1€™%, i.e., ¥ —roy = c1e™7
for some c; € R.

— This is equivalent to %(ye_m) = creln—r2)7,

If 1 # 7o, this is equivalent to ye™"2" = (r; — 7“2)_1016(”_’“2)"” + ¢o for some ¢y € R, and hence
to y = c1€™% + c0e™® for some c1,co € R.
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If 11 = 79, so that e("1772)% = 1 the above is equivalent to ye™"2% = ¢; + ¢, for some ¢s € R,
and hence to y = c1€™% + coxe™? for some cq,co € R.

In the first case, the initial conditions y(x¢) = yo and y/(xg) = 2o give

7220

Yo = c1€"170 + coe" 0
20 = ric1€"*0 + rocoe

In the second case, they give

{yo = 16”70 4 cpxoe” ™0

20 = 11610 4 (1 + rixg)e2o

— In both cases, this is a system of two linear equations in c¢; and co, and we claim in both cases
that this has a unique solution (c1,c2) € R2.

In fact, it is not hard to solve these systems of linear equations directly, but it is better to do a little
more linear algebra review and recall some general principles.

— Namely, recall that an inverse of a square matrix A € K™*", is a matrix A~! € K™*" with the
property that A- A=! = A=1. A =1,. If A has an inverse (or as we say, if it is invertible), it
has a unique inverse.

— If A is invertible, then for any b € K", the system of equations Ax = b has the unique solution
x = A"'b.

— A criterion for invertibility is that A is invertible if and only if its determinant det A is non-zero.

— We will recall more about determinants later; for now, we recall that for a 2 x 2-matrix A €

K2X2, the determinant is given by det A = A11A22 — A12A21.

Returning to the above case, the determinants of the matrices appearing in those systems of linear
equations are in the first case e(r1+7r2)z0 (r1 — r2), which is non-zero since we are assuming r; # 72,
and in the second case e("1172)%0 (1 4 7120 — ry20) # 0.

12.2 11.2A: Complex Exponentials

We have solved the homogeneous second-order linear equation 3" + ay’ + b = 0 in the case that the
characteristic equation 72 + ar + b = 0 has two real roots.

As we know, a general quadratic polynomial may have complex roots; to deal with the corresponding
differential equation in this case, we must introduce the complex exponential function.

For this purpose, let us first ask ourselves: what is the exponential function, and also: what are the
cosine and sine functions?

As we have seen, one way to characterize the exponential function is as the unique solution y = e*
to the IVP ¢/ = y; y(0) = 1.

— We saw how to prove uniqueness assuming that we already have the exponential function
satisfying %e” = ¢® and €’ = 1; but how do we know that such a function exists?
— One way is to use power series.
Remember that any power series function f(z) = >, a,2z™ has a radius of convergence R € [0, 00],

such that the series converges whenever |z| < R, and diverges when |z| > R (and this is true even
for x € C!).
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— One can see (for example using the comparison test against a geometric series) that the radius
of convergence of the series exp(z) = Y00, Z; is 0o. (This series should look familiar: it is
the Taylor series of the exponential function; but now, we are using this series to define the

exponential function!).

— Moreover, one can show that any power series function f(z) = > anz" is differentiable
within its radius of convergence and its derivative is given term-by-term: f'(z) =>° na,z" L.

— It follows that exp’(z) = exp(z), and we clearly have exp(0) = 1, so this proves the existence
of a solution to the IVP defining e”.

e Note that the addition law e®t? = e2 . e’ follows from the characterization of e as the unique
solution to y' = y; y(0) = 1.

— Indeed, if we set y(z) = e*t*/e?, then y' = y (by the chain rule) and y(0) = e*/e* = 1, and

hence y(z) = €%, i.e., 2T = ¢ . e*.

— In particular, this also gives 1 = e*~* = ¢® - ¢~ and hence e”* = 1/¢%.
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13 Mar 10, 11.2A: Complex solutions

13.1 More on complex exponentials
e Last time, we defined the exponential function as e* =3 °° z

n=0 n!

e A consequence of this is that we can immediately make sense of e? for complex values z € C, simply
by plugging z into the power series.

— In particular, for z € R, we find that

r_q x? R
+zx—?—z§+f+
o0 p2n+l
:Z( 271'+ Z 2n+ (2n+1)!

n=0
— We recognize the two terms appearing as the Taylor series for cos and sin.
— As with the exponential function, let us define cos and sin to be given by these two power
series.

e It follows immediately from this definition that sin’ = cos and cos’ = — sin.

— Soon, we will see that there are in fact unique functions satisfying the initial value problems
y" = —y;y(0) = 0;4/(0) = 1 and vy = —y;y(0) = 1;4/(0) = 0, respectively. Hence, as with
the exponential function, we get a nice condition characterizing cos and sin uniquely, and the
above series prove the existence of functions satisfying these conditions.

— It is also not too hard to show from these definitions that cos? +sin? = 1 and that they agree
with the geometric definition of the trigonometric functions, i.e., that p = (cos(f),sin(8)) € R?
is the point on the unit circle such that the arc-length from (1,0) is p, measured counter-
clockwise, is 6.

e This way of defining e*, cos, and sin immediately gives rise to the famous Fuler’s formula:
i - .
e” =cosT +1sInz.

— This gives a concise way to express points in the plane using polar coordinates: the point with
radius r and angle 6 is re®.

x As usual with radial coordinates, the angle is not uniquely determined: we always have

ret? = peilf+2m) (and conversely, if re = rqe?2 then r; = ry and 6, — 6y € 27Z — the

one exception being that 0e? = 0 for any 6)
Some properties of the complex exponential

e A variant (using a bit of complex analysis) of the argument given above to deduce the exponential
law €4t = ¢ . ¢? for a,b € R proves that this holds as well for a,b € C.

— From this, we can deduce the addition laws for sin and cos:

cos(a + b) + isin(a + b) = €/ (@+Y) = ciagit
= (cosa + isina)(cosb + isinb)

= (cosacosb —sinasinb) + i(sinacosb + cos asin b)

hence by comparing real and imaginary parts, we get cos(a + b) = cosacosb — sinasinb and
sin(a + b) = sina cos b + cos asin b.
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— This also makes complex numbers easy to multiply when written in polar coordinates: (rie®)(ree?) =

(r17g)e!01+02)

— In particular, this allows us to easily find square roots (and more generally n-th roots): if
z = re?, then its square roots — i.e., the numbers w € C such that w?> = z — are just
w = +/re'/?.

* Indeed, we see that these are square roots, and given any other square root w, we have
w? — z = (w — /re??)(w + /re?/?), and hence w = £+/re?/2.
% (Regarding the ambiguity of §: had we written z = red+2

same square roots w = £./re/2tm = 1 /rei?/2,

— In particular, if z is a negative real number, then z = re*™, and we have the familiar imaginary

square 100t /z = 4/re"™? = £i\/r.

, we would have gotten the

Next, recall that the derivative of a function f: R — C = R? is defined component-wise: if f(z) =
u(z) 4+ iv(z), then f/(x) = u/(z) + ' (z).

— It follows that
%e” =cos'z +isin’z = —sinx +icosz = ie"”®
— Hence, the anti-derivative f e dx of € (the unique-up-to-a-constant function f: R — C
whose derivative is €'*) is %e” +C = —ie" 4+ C, where C' € C is an arbitrary complex constant.

— More generally, using that et = ¢ . ¢, we have that %e(a‘”b)“” + (a + ib)e(a”b)x and
f elatib)r 1, — ﬁe(a-ﬁ-ib)x +C.

13.2 11.2A: Complex solutions

Example 11.2.1

Now consider a general homogeneous second order linear equation Ly = (D? 4+ aD + b)y = 0, with
its characteristic equation 72 4 ar + b = 0.

— We are perhaps still mainly interested in solutions y: R — R, but now we can also try to
find all solutions y: R — C; and in this case, we can also consider equations with coefficients
a,beC.

We now factor this polynomial as (r — r1)(r — r2), with roots —a + $v/a® — 4b (where this square
root is now possibly complex).

We can thus factor the differential operator as L = (D — r1)(D — ra).

— We will see that the above exponential multiplier method still works because D(e"*y) = e"*(D+
r)y as before, even for r € C.

As a first example, consider y” +y = 0, i.e., (D?>+ 1)y =0, i.e., (D —i)(D +1i)y = 0.

— We would like to conclude from this that (D + i)y = c1e®® for some ¢; € C.

— That is, we would like to say that u = Ce™ is the general solution u: R — C to the differential
equation v’ = 1u.

— Indeed, the usual method works: given any solution u, we have %(ue*”) = e —jue”™ = 0,
i

hence ue™* = C for some constant C' € C, and hence u = Ce'”.

It now remains to solve i’ + iy = c1e®, and for this, we again use exponential multipliers.
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— This equation is equivalent to e (y' +iy) = c1€?® (because we can multiply e~ to go back!),
or in other words - (ye'®) = ¢ e?.
x Note that this use of the product rule is legitimate: it is just the ordinary product rule

applied to each of the two components of the function R — C given by x ~ y(z)e’*.
— This is equivalent to ye™® = %cle%x + ¢o for some ¢y € C and hence to
y =1 + e
for some c1, ¢y € C; thus, this is the general solution.

e We can rewrite this as
y = ci(cosz +isinz) + co(cosz —isinx)
= (c1 + c2)cosx + (c1 — c)isinx
= dycosx + do sinz,
where we have set di = ¢ + ¢2 and da = i(c1 — ¢2).

— Since we can solve for ¢; and ¢y in terms of d; and ds, this formula also expresses the general
solution.

— It is the general solution we might have expected for 4" = —y, except that now d; and do may
be complezx.

— The general real solution is obtained by restricting to the case di,ds € R.

Theorem 11.2.3

e The above example shows how the proof of Theorem 11.1.1 above can be adapted to the complex
context, to yield the following statement:

e Given any a,b € C, the differential equation y” + ay’ + by = 0 has the general solution y: R — C
given by
Yy =c1e"T + e rp £y
{y = c1ze"* 4 c2e™*, 11 =19,

with ¢1, o € C, where 71,79 € C are the roots of 2 +ar +b = 0.

e In the case where a,b € R and a® — 4b < 0, so that r; = o+ 48 and 79 = a — i3 for some «, B € R,
the general solution can also be written

y = c1e*” cos fx + c2e** sin Bz,
where ¢1, co € C. In this case the real solutions y: R — R are precisely those with c1,co € R.
e Moreover, the initial conditions y(zg) = yo and y'(x¢) = 2z, for any 2o € R and yp, 29 € C can
always be satisfied by a unique choice of ¢; and cs.
Example 11.2.2

e A generalization of the equation " 4+y = 0 from Example 11.2.1 is the equation 4" +w?y = 0, where
w € R — {0}; this is called the harmonic oscillator equation with angular frequency w.
e This has characteristic equation 72 + w? = 0 with roots r = iw, and hence general solution

TwWT w

y = 1" 4+ coe” ™ = dy coswx + do sinwz.

e Such functions are called harmonic oscillators, and arise frequently in physics.

43



Example 11.2.3

We summarize the form of the general solution to y” + ay’ + by = 0 with a,b € R.
This has characteristic equation 72 + ar + b = with roots 71,79 = —a/2++a? —4b/2.
We now consider three cases, based on the sign of the discriminant a? — 4b:

If a®> — 4b > 0, then 71,79 are real and distinct, and the general solution is y = ¢1€"?% + cpe”* with
Cc1,Co € R.

If a2 — 4b < 0, then 71,79 are imaginary and distinct, and the general solution is y = ¢;e®* cos Bz +
c2e® sin Bz with ¢1,co € R, where a« = —a/2, and 8 = va? — 4b/2.

If a®—4b = 0 represents the dividing line between the above oscillatory and non-oscillatory behaviour;
the general solution is y = cize™® + coe™”.
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14 Mar 24, 11.2B: Higher-order equations

14.1 11.2B: Higher-order equations
Theorem 11.2.4

e The same idea that went in to solving linear homogeneous second order equations with constant
coefficients also allows us to solve such equations of arbitrary order.

e Thus, given any ag,...,a,—1 € C, we consider the differential equation
Ly =y™ + an 1y ™+ +ary + a0 =0,
which has a characteristic equation
"+ ap " 4t arr +ag =0
with (by the fundamental theorem of algebral!) n roots (possibly with repetitions) r1,...,7,, so that
Ay ™ arr Fag = (=) (r—r2) - (1 — )
and hence
L=(D—-r)(D—=r3) (D —rp).

e Warning: recall that, for n > 5, there is no general formula for finding the roots of a degree n
polynomial (and even for n = 3 and n = 4, the formulas are quite complicated), so the theorem we
are about to state gives us the solutions to this differential equation, but only if we are able to find
the roots of the characteristic equation.

— (As an aside, if you do not know how to prove the fundamental theorem of algebra, you should
be curious as to how it’s proven!)

e The resulting theorem statement is then: if the roots rj are all distinct, then the equation Ly = 0
has the general solution y: R — C given by

y:cle”m—I—---—FcneT””"
with ¢1,--+ , ¢, € C.

— If there are repetitions among the roots, so that, say {ri,...,m} = {s1,...,Sm}, with s
appearing di times, then the general solution is

m dp—1
k=1 j=0

with ¢, ; € Cfor 1 <k <m and 0 < j < dj. (Note that this actually includes the previous

case, which arises when di = 1 for all k, so that s = ry).

— Moreover, for any yo,...,yn—1 € C and xy € R, there are unique values of ci,...,¢c, (or
of ¢ j for 1 < k < mand 0 < j < dg) so that y satisfies the initial conditions y(zo) =
yoi -5y (20) = Y1

e To prove this theorem, we must (i) verify that the y given above is indeed a solution, (ii) prove
that it is the general solution, i.e., that every solution has this form, and (iii) verify the claim
about initial conditions. Step (i) is fairly straightforward. As indicated above, step (ii) proceeds by
induction, with each induction step consisting in solving a first-order (possibly non-homogeneous)
linear equation. Step (iii) involves, as in the second-order case, checking that a certain matrix has
non-zero determinant.
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e To verify that y as above is a solution, it suffices by linearity of L to show that x7e®? is a solution
foreach 1 <k <mand 0 <j <d.

— The relevant general fact is that (D — r)?(z%€™) = 0 whenever 0 < a < b, which we prove by
induction on b.

* The base case b = 1 we already know.

x For the induction step, assume b > 0 and that the claim is already known for b — 1.
* We then have (D — r)?(z%™) = (D — r)*~Y(D — r)(x%'®).

« If a =0, then (D —r)(z%") = 0, and we are done.

* If a > 0, then

(D o T)(xaerm) _ (axa—lerm + Txaerm) o T(:L,aemt) _ ama—lerz’

and so since a — 1 < b — 1, we are done by the induction hypothesis.

— Now to show that L(27e®*) = 0 for 0 < j < di, we use that the (D — s;,) all commute with
cach other to write L as a product L(D — s;,)% (where L is the product of all the (D — s )%
for k # k).
* We then have L(zfes+%) = L(D — s)% (27 e5%) = 0.
e Let us now prove by induction that y as given above is the general solution.
— As a base case, we can take the case n = 2, which we already know (or alternatively, we can

take the trivial case n = 0, so that the equation is y = 0, with unique solution y = 0).

— For the induction step, assume that n > 0 and that the theorem holds for equations of degree
n—1.

— Now let y be a solution, so that Ly = 0.

We set u = (D — ry,)y, so that we can write the equation as

(D—=r)(D—r2)---(D—rp_1)u=0.

By the induction hypothesis, we thus have that u is a linear combination

m—1dr—1
D—r,)y= g g c ;e
k=1 j=0
for some ¢y ; € Cif ryy & {r1,...,7p—1} and
m— 1dk 1 d'm_2
(D —1rp)y = Z Z ijx] eSkT 4 Z Cm]xjesmx
k=1 7=0
if r, € {r1,...,m7n—1} (and where r,, = sp,).

— Using the usual exponential multiplier, these are equivalent to

m—1d,—
d e w § ] (sg—rn)x

dz
k=1 j5=0
and
m—1di—1 dyp—2
d —rnT Jj (sk—rn)T J
—(e y) = cpjx’e + g Cm,j&
dx - -
k=1 j=0 7=0
respectively.
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— Using that for any integer N and R € C, [ zNeft dz is (a constant plus) a linear combination
of xMef® for 0 < M < N (as one verifies by induction using integration by parts), we conclude
that e7 ™%y is,

*

*

in the first case, a constant ¢, plus linear combination of z7e($s="n)* for 1 < k < m — 1
and 0 < 57 <dp—1

in the second case, a constant ¢, plus a linear combination of 2lelsk=rn)e for 1 < k <m—1
and 0 < j < dj, — 1, plus a linear combination of 271 for 0 < j < d,,, — 2.

— We thus conclude, as desired, that y is:

*

*

in the first case, a linear combination of e™® = €% and of z/e®* for 1 < k < m — 1 and
0<j<dp—1
in the second case, a linear combination of z7e for 1 < k < m and 0 < 7 <d—1.

e Finally, let us see that for each yg,...,yn—1 € C and zg € R, there are unique coefficients in the
general solution for which y satisfies the initial conditions y(xg) = yo; ...; ¥ Y (xg) = yn_1.

— It is helpful first to reduce to the case xg = 0.

*

*

Thus, for any y: R — C, consider the function z(x) = y(z — zq); we have z()(z) = y® (z()
for all [ and hence (because of homogeneity!) z we have Lz = 0 if and only if Ly = 0.
The assignment y +— z is clearly a bijection (with inverse taking z to the functions y defined
by y(x) = z(z + x0)).

Hence, given any yo, ..., Yn—1, we obtain a bijection between solutions z satisfying z(0) =
Yo, - ..,z D(0) = y,,_1 and solutions y satisfying y(z¢) = yo, . ..,y D (x0) = yn_1.
Thus, if there is a unique such solution z, there is a unique such solution .

— Next, let’s first consider the case in which all the roots r; are distinct.

*

If y = p_; cke™™ is the general solution, we then have y = py ckrﬁﬁe’“’“w and hence
yD(0) = 33, eprl for all .
The initial conditions thus give a system of linear equations
n
Y=Y rick

k=1
for {=0,...,n — 1 in the variables c1, ..., cy.
We want to show that this has a unique solution for any o, ..., y,—1; in other words, we

are asking about the invertibility of the matrix (Té)lgkgn,oglgn—l (assuming the ry are
distinct!).

This is one of the world’s most famous matrices, and is called the Vandermonde matrix,
after a 18th century French mathematician.

In fact, it is known to have determinant [[;; j<,(zx — x;), which is thus non-zero since
the x; are distinct; however, we can also see the invertibility directly, by showing that it
represents an invertible linear map.

Namely, we consider the linear map f: C[z]z<, — C™ given by f(p) = (p(z1),...,p(xn));
with respect to the standard (monomial) basis of C[z];<, and the standard basis of C”,
this is indeed represented by the Vandermonde matrix (or perhaps by its transpose).
Now for p to be in the kernel of this map means that the degree < n polynomial p has n
distinct roots x1, ..., x,; but by the fundamental theorem of algebra, this can only happen
if p = 0. Hence f has trivial kernel (and is hence invertible by the rank-nullity theorem).

— Finally, we consider the general case (where there may be multiple roots).
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* As a first lemma, we need to know the derivatives of y(z) = x7¢"® for r € C and N > 0.
- More generally, we consider f(z) = g(z)h(x) for any two functions f and g.
. It’s then easy to see by induction that f@(z) = 3! (l)g(m) (z)ht=) ().

m=0 \m
- Applying this with f(z) = g(z)h(z) = 27e"™ we have that g™ (0) = &nj! and
h(m*j)(()) =™ Je™ = ™7 and hence

()atrt=d = ligrt=d <l

l
W (0) — PN itpm—i —
10= 35 (i =

* Thus, taking y = > ;"4 Zgial ¢k, ;75T as above, we conclude that

j>1

m max(di—1,0)

[ i
D VRS DR TR
k=1 j=0 1)

- As before, we want to consider this as a linear combination of the ¢ ;. If we just look
at the coefficients of ¢y ; for a fixed value of k, we obtain the following sequence — let
us call it C’,lg:

l! I l!
I ! -1 oo
Ck_((l_())lsk’(l_l)lsk ,...,O!Sk,o,...()).

- If we consider the coefficients of all of the ¢ ;, we thus obtain the concatenation of
these sequence Ct ... CL .

- Hence, finally, the matrix A corresponding to the system of equations y; = y®(0) (with

[ =0,...,n—1), which we have to show is invertible, looks as follows:
o cy .09
A= z :
Ci’b—l Cg—l L CTTrLl_l

where it is to be remembered that each C’,lc is itself a sequence of entries (arranged
horizontally).
* We now claim again that the resulting matrix A (or rather its transpose) represents an
invertible linear map C[z],, — C™.
- Namely, we consider the map f: C[x]<, — C" defined by

f(p) = (p(Sl),p/(Sl), R 7pd171(81)7 T 7p(sm)7pl(8m)7 s 7pdm71(8m))'

. We see that if we let p be the I-th basis element ! of the standard monomial basis of
C[z]<n, then the sequence (p(si), p'(sk), .- .,p" " (sk)) is precisely the above sequence
C,lc. Hence, the vector f(p) € C" is exactly the I-th row of the matrix A, so that A"
represents f as claimed.

- It remains to see that f is an invertible linear transformation; again, it suffices to show
that it has a trivial kernel.

- But if f(p) = 0, that means precisely that the polynomial p vanishes at each s with
multiplicity d. (This is a general fact: a polynomial ¢ of order m has a root of
multiplicity d < m at 7 if and only if ¢(r) = - -- = ¢*"V(r) = 0.) Since >}~ di. = n,
this means that the degree < n polynomial p has n roots, counted with multiplicity,
hence must be 0.
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Example 11.2.5

- Let us prove the parenthetical general fact. Note that “q has a root of multiplicity d at

1’ means precisely that (z — )¢ is a factor of ¢(z), i.e., g(x) = (z — r)%qq(z) for some
polynomial ¢g.

- The proof is by induction on d. The base case d = 1 is the familiar fact that ¢(r) =0

if and only if (x — r) is a factor of ¢, and we omit the proof (which uses polynomial
division).

- For the induction step, suppose d > 1, and write ¢(z) = (z —7)q1(x). We wish to show

that ¢(r) = ¢(r) = --- = ¢D(r) = 0 if and only if (z — )¢ divides ¢(z), i.e., if and
only if (z — )41 divides q;.

- Now it is easy to show by induction on [ that ¢'(z) = lqilil)(x) +(x—7)g}(x) for I > 0.
- It follows that ¢'(a) = 0 if and only if ¢/ ~!(a) = 0 for all I > 0.
- Hence ¢/(r) = --- = ¢D(r) = 0 if and only if ¢y (r) = --- = q%dil)(r) = 0, which by the

induction hypothesis is equivalent to (z — r)9~! dividing ¢ (), as desired.

e Let’s solve vy — 4y" + 4y’ = 0.

e The characteristic equation is 0 = 73 — 472 + 4r = r(r — 2)?, with a single root 7; = 0 and a double

root ro = 2.

e Thus the general solution is y = ¢; + c2€%* + c3ze

Example 11.2.6

2x

e We can use Theorem 11.2.4 in reverse, starting with solutions and arriving at a differential equation
that has those solutions.

e Thus, a constant-coefficient linear equation Ly = 0 of least order having e*, e

2z and e~2* as solutions

is given by L = (D — 1)(D — 2)(D + 2).
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15 Mar 26, 11.2C: Independent solutions

15.1 11.2C: Independent solutions
Theorem 11.2.5

e We now describe the solutions to higher order homogeneous linear equations with real (constant)
coefficients.

e The important fact here is that the roots of a real polynomial p(r) = r" + 1" -+ air+ao
are all real or come in complex-conjugate pairs o + if3.

— The reason is that, since the coefficients are real (and since conjugation preserves addition and

multiplication), we have p(z) = p(z) and hence p(z) = 0= p(z) =0 = 0.

— Hence, we can write the roots as s1, ..., Sm, a1£if1, ..., apEify with multiplicities dy, ..., dm, €1, . . -

so that S0 di + 230 ep = n.

e The theorem statement is now: given an equation Ly = 0 with characteristic equation p(r) with
roots s; and ay + if; as above, the general solution is a linear combination

m  dg M

ek
E E @’ € R + E g (up,ja? €K7 cos B + v, j27 e sin fx)

k=1 j=1 k=1 j=1

SKT apT

of the functions x7e®**, x7e*:* cos fx, and x7e“** sin Bx.

— In the case where all the roots are distinct, this simplifies to
m M
Z cpe’* + Z(ukeo‘Kx cos fx + vie™*” sin )
k=1 k=1

e As before, this is simply proven by expanding elaxib)z

appearing in the first form of the general solution.

as e*®(cos fx + isin fx) for each such term

e More specifically, the general compler y: R — C solution is such a linear combination with ¢y, j, uy j, vk j €
C, and the general real solution y: R — R is such a linear combination with ¢y, ;, ux j, vi,; € R.

— In one direction, it is clear that if the coefficients are all real, then y is real.

— In the other direction, given any (possibly complex) coefficients, if y(z) € R for all z, then

(y(z) + y(x)) = 0 for all .

— The function z(z) = y(x) + y(z) is a linear combination of the same functions e®** and so on,
with coefficients ¢y, ; + €k 5, ug ; + Up 5, and vy ; + Uy ;.

— Since z = 0, we have in particular that z(zg) = 2/(z¢) = --- = 2" (z¢) = 0 for any zg € R;
and we obviously have Lz = 0.

— Hence, by the uniqueness of the coefficients satisfying given initial conditions, we conclude
that cg j + €k j, ug,; + Uk j, and vg j + Ug; are all 0, and hence that cy j, uy j, vg ; are all real,
as desired.
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Corollary 11.2.6

e The argument we just gave to prove that the real solutions are exactly those with real coefficients
has another nice application: it allows us to prove that the functions x7e®®
to Ly = 0 are linearly independent (when considered as elements in the vector space R® — or
equivalently, in one of its subspaces such as C°(R) or C*®(R)).

in the general solution

SET apT apT

— Similarly, the functions x7e®+*, /e cos iz, and z7e** sin B,z are all linearly independent.

e Indeed, if we have some linear combination y = ;" Z;l’“:al ckijjesk“” which is equal to 0, then
it satisfies the initial conditions y(xg) = y'(xo) = --- = y" V(o) = 0, and hence we must have
ck,j = 0 for all k, 7 by the uniqueness of coefficients acidifying given initial conditions.

e Thus, we may say that these functions form a basis of the space of solutions to the equation Ly = 0
(or in other words, of ker L).

Example 11.2.7
e The equation y® — y = 0 has characteristic equation r* — 1 = 0, with roots 1, —1,, —i.

e Thus, the general solution is a linear combination of e*! and e**, or equivalently, of e*!, sinz, and
cos .

e Suppose we impose the initial conditions y(0) = 0,%'(0) = 1,y"”(0) = 2,y"'(0) = 1.
— Considering the general solution
y=cre® +coe ¥ 4+ c3cosx + ¢ysinz,
the initial conditions give the equations

cir+co+c3=0
ci1—cat+cu=1
c1+cy—c3=2
cir—c—cy4=1

— We know on principle that the matrix of coefficients of this linear system is invertible, but in
this case, it is easy to straightforwardly solve the system.

— The result is ¢c; = 1, ¢ = 0 ¢c3 = —1, and ¢4 = 0; thus the unique solution to this IVP is
e —cosx.
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16 Mar 31, 11.3: Nonhomogeneous equations

16.1 11.3A: Superposition

e We now consider non-homogeneous linear equations Ly = f, where L is a linear operator L =
D"+ a,_1D" '+ ... 4+ a1 D + ag as before and f is a function.

— Of course, the homogeneous equations are just the special case when f = 0.

Theorem 11.3.1

e There is a basic relationship between homogeneous and non-homogeneous equations, which is very
general, and which we know from linear algebra:

— Given any linear function f: V' — W between vector spaces V and W, we can consider the
equation f(x) = w for some fixed w € W.

— Given any particular solution v, (so that f(v,) = w, and any vg € ker f (i.e., a solution
to the homogeneous equation f(x) = 0), we have by linearity that f(vp, + vo) = f(vp) =W,
S0 vp, + vq is also a solution.

— Conversely, given any other solution v (so that f(v) = w), if we set vog = v — v, then we
have (again by linearity) f(vo) = f(v) — f(vp) =w —w =0, so vg € ker f and v = v, + vo.

— The conclusion is that the set of solutions to f(x) = w is precisely

{vp+vo | vo € ker f}.
e In particular, we may apply this to the linear operator L, which is a linear map L: C*°(R) — C>*(R).

— The conclusion is that given any particular solution g, to the inhomogeneous equation Ly = f,
the general solution will be given by y = y, + yn, where yy, is an arbitrary solution to the
associated homogeneous equation Ly = 0.

Example 11.3.1
e Consider y" + 2y 4+ y = 3%,
e The characteristic polynomial is (r + 1)2, with the double root ry = ro = —1.

e Thus, we know the general solution to the homogeneous equation is y, = c1e™ + coxe™".

— Thus, if we can find a particular solution y, to the inhomogeneous equation, we will obtain

the general solution as y = y, +yn = yp +c1e” ¥ + cowe™*.

e Moreover, we can obtain a particular solution by our usual method of iteratively solving (inhomo-
geneous) first-order equations.

— Writing (D + 1)?y, = €3 and setting u = (D + 1)y, we have v/ +u = (D + 1)u = €32.

— Introducing the usual exponential multiplier, this is equivalent to D(e®u) = ¢**, hence we may
take e*u = %64“7 (we may ignore the integration constant because we are just looking for one

1 3z

e’”,

solution), and hence u = 3
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— We thus have yj, +yp, = (D + 1)y, = 1e3%.

— Proceeding exactly as before, we conclude that we may take y, = %663I.

e We conclude that the general solution is

i3x T

Yy = 166 +c1e”® + coze ",

— (Note that we could also have arrived at this directly — instead of using the general fact that
the general solution is a particular solution plus a homogeneous solution — if in the above
derivation, we had kept track of the constants of integration.)

Example 11.3.2 (“superposition principle”)
e Suppose we have an inhomogeneous equation Ly = f, and we are able to write f in the form

f=a1fi +azfo.

— If we want to find a particular solution, it suffices by the linearity of L to find y1,y2 with
Ly, = f1 and Lys = fo, for then setting y, = a1y1 + asy2, we have Ly, = a1Ly1 + asLys =
ai f1 + az fa.

— This (as well as other related phenomena) is sometimes called the superposition principle,
because yy, is a “superposition” of y; and y».

e For example, suppose we want to solve y” + 2y’ +y = 3% + 1.

37 i5 a solution to y" + 2y’ +y = e3*.

— We already saw that y; = %66
— So using the superposition principle, it remains to find a particular solution to y” 42y +y = 1.

— We can do this using exponential multipliers as before — or maybe we’ll get lucky and notice
that there is an obvious solution s = 1.

— Hence yp = y1 +y2 = L1637 4 1 is a particular solution to the equation, and thus y =

16
%6396 4+ 14 c1e™® + coxe™™ is the general solution.

e Similarly, suppose we wanted to solve y" + 2y’ +y = €3* 4+ e~ %.

T

— Again, we only need to find a particular solution o to 3" + 2y’ +y = e~ *.

— This time, there is not such an obvious solution, but if we use exponential multipliers again,
we find that yo = %x%_”” is a solution.

— Hence, the general solution to the equation is y = %6396 + %3:26_“" +c1e7" + coze™”.

16.2 11.3B: Undetermined coefficients

e In the previous example, in one case we had to carry out the somewhat laborious exponential
multiplier method to find a special solution, and in the other case, we got lucky and were able to
guess one. We now introduce a method which would have given us a shortcut in both cases.

e The important circumstance is that in both cases, the inhomogeneous term f in Ly = f (namely 1
and e~ ", respectively) was itself the solution to some homogeneous equation My = 0 (namely with
M =D and M = D + 1, respectively).
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o It follows that M(L(y)) = M(f) =0.

e But now ML is itself some linear differential operator, and thus we know how find the general
solution to this homogeneous equation.

e Thus the sought-after particular solution y, to our original equation is some solution to this homo-
geneous equation M Ly = 0, and it just remains to determine the coefficients in the general solution
that we need to choose.

e In general, this method, where a solution to a problem is first established as a certain linear com-
bination, the coefficients of which are then determined, is called the method of undetermined
coefficients.

Example 11.3.1 again
e We again seek a solution y, to (D + 1)y =e".

— Since e~ satisfies (D + 1)e™® = 0, we see that y, must satisfy (D + 1)3y, = 0, and hence be

of the form y, = c1e™ 4 coze™ + c3ze .

— Moreover, we see that the first two terms are actually solutions to the homogeneous equation
(D +1)%y = 0, so we may omit them without changing whether Yp is a particular solution.

— Plugging the remaining term y, = csze~* into the original equation, we obtain
e =y, + 2y, +yy = c3(2? 422z — 2?) 4 (2 — 4o + 2?))e ™ = 2c3e””

and hence cg = 1/2.

e Similarly, if we seek a solution y, to (D+1)%y = 1, we see that it must be a solution to D(D+1)%y =

0, and hence be of the form y, = ¢1 + coe™ + c3ze™.

— Again, we can ignore the last two terms since they are solutions to the homogeneous equation.
— We are left with y, = ¢1.

— We now plug this into the original equation and obtain
1 :yp+2y;+yg:c1.

e Note in both of these cases the substantial simplification resulting from throwing away the terms
which are solutions to the associated homogeneous equation. Without this simplification, this
method wouldn’t really be more efficient than just solving the equation directly using exponen-
tial multipliers.
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17 Apr 2, 11.3C: Variation of parameters

17.1 11.3C: Variation of parameters

e We next discuss variation of parameters, a further method for finding a particular solution to a
non-homogeneous equation, which has the advantage of also working for equations with non-constant
coefficients.

e This method relies on the following Ansatz: given a non-homogeneous equation Ly = 3" + a(x)y’ +
b(x)y = f(x), and supposing we have solutions yi,y2 to the associated homogeneous equation
Ly = 0, we look for a particular solution to the non-homogeneous equation of the form y,(z) =
up(x)y1(x) + ua(x)y2(x) for some functions wuy(x), ua(x).

— (The name comes from the fact that the coefficients, or parameters, in the linear combination
of y; and yo are allowed to depend on z, that is, to vary.)

— If we plug y, into the original equation and rearrange the terms, we obtain

f= (i +ayi + by )us + (y3 + ays + bya)uz
+ (y1uy + yous)’ + a(yru] + yous)
+ (y1u) + yyus)
— Here, the first line vanishes since yi,y2 are assumed to be solutions to the homogeneous

equation; the second line will vanish if we assume yju) + youl, = 0; and hence the equation
will be satisfied as soon as f = yju) + yhub.

e This gives us a pair of linear equations in v} and u}, (with non-constant coefficients!)

0 = yru) + yauh
f =) + ypusy

— This will have a unique solution as long as the determinant y; (x)y5(2) —y2(x)y} () is non-zero
(for all a!); this is called the Wronskian determinant of y; and ys, and is denoted w(x).

* (This has a superficial similarity to the Vandermonde determinant — though I don’t know
what the significance of this is.)

— (In fact, we will always have w(x) # 0 as long as y; and ys are linearly independent solutions;
in the case of constant-coefficients, this follows from the uniqueness of solutions with given
initial conditions. It is also true with non-constant coeflicients, and follows from the uniqueness
theorem for higher-order differential equations, which we have not discussed yet.)

— This shows that the variation of parameters Ansatz will work. Before proceeding further with
the general method, let us work out a couple of examples of variation of parameters by hand.

Example 11.3.6

xT

e We return to v + 2y’ + y = e~ %, where we previously used undetermined coefficients, and again

seek a particular solution y,.

T —x

e We now use that y; = e™* is a homogeneous solution, and make the Ansatz yp(x) = ui(z)e
(According to the general method, we should also have a term with xe™", but this can be omitted,

since any multiple of xe™* is also a multiple of e~*.)
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e We have y, = (u] —u1)e™™

equation yields

and y, = (uf — 2uy +wu1)e”™, and hence plugging y;, into the original

e = (uf = 2uf  un)e 4 2(uh — )+ e = e

e This will be satisfied if uf = 1, hence we may take u; = %:L’Q, and hence y, = %:1326_1’, which is the

same as we got before.
Example 11.3.7
e We consider Ly = z2y" — 2zy/ + 2y = z*.

e In the textbook, we are simply told that the associated homogeneous equation has solutions y;(x) =
x and y2(7) = 22, as one can easily check.

— To actually arrive at this conclusion, the associated homogeneous equation can be solved by
cleverly factoring the operator L = (z2D? — 2D + 2) (note that this is now a non-trivial task
because of the non-constant coefficients!).

— Let us write L = (zD — r1)(xD — r9).

— We must proceed with caution, and note that for a function r(z), we have Dr = v/ + rD,
because (Dr)y = D(ry) =r'y +ry = (+' +rD)y.

— Thus, carefully multiplying out the above expression for L, we obtain L = 22D? + (z — 27 —
xry)D + 7).

— We thus have the equations x — xzry — xre = —2x, and r1ry = 2, with solution r{ = 1 and
ro = 2, and thus L = (zD — 1)(zD — 2).

— We have reduced the problem of solving Ly = 0 to that of solving two first-order linear
equations, and when we solve theses, we find we indeed get y(x) = c1x + co2? as the general
solution.

* (Though we note that this is still a bit tricky since the operators D — 1 and xD — 2 are
not in “normalized form” D + g(x).)

e We thus make the Ansatz yp, = wiy1 + u2y2 = wixr + U2,

— And in fact, as in previous last example, we see that the second term is redundant, so we may
make the more specific Ansatz y, = uix.

— Thus, y, = v’z +u and y; = u"x + 2u
— Plugging this into the original equation yields
4

2t =22 (u"z 4+ 2u) — 2z (v'x + u) + 2ux = 2.

— Thus, we see that it suffices that u satisfy u” = 1, and hence we can take u = %x3.

e We thus have the particular solution y, = %$4, hence the general solution is y = %1‘4 + 17 + cax?,
with ¢; and co constants.
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11.3D: Green’s functions

e In the previous example, it just so happened we were able to get away with just using one of the two
independent solutions 1, y2 to the homogeneous equation Ly = 0 associated to Ly = v’ +ay’ +by =
f; but in general, we need both.

e As we said above, seeking a particular solution of the form y, = u1y; + u2y2, we arrive at the
equations:

0 = y1u] + yauh
f = viuy + ypus.

— (Note that in order to arrive at these equations, we needed to start with an equation in
normalized form y" + ay’ + by = 0, unlike in the previous example.)

e We can solve these equations explicitly by inverting the relevant 2 x 2-matrix. Recalling the Wron-
skian determinant w = y1y5 — 2y}, the result is:

Jo @@ n@) )
e Integrating, we thus obtain
() = (@) e) + pale)unte) = () [ T2 o gy [ gy,

e The solution to the original normalized equation is then
y(@) = cayi(z) + caya () + yp(2)
with y, as above and with c1, ca constants.

— It is nice to see that we can write out the solution explicitly like this, but it may be simpler
just to remember the system of equations in u} and v}, and start from there.

o If we fix 29 € R, we can choose specific anti-derivatives in the expression for y, above and obtain

yp(z) = /: yl(t)yz(xzuztijg(t)yl(x)

F(t)dt.

0

— Moreover, we see that this particular y,(z) is a solution (in fact, the unique solution, but we
haven’t proven this yet) to the initial value problem Ly = f; y(zo) = v'(z0) = 0.

— The function G(z,t) = yl(t)y“xgvzgz(t)yl(m) is called the Green’s function associated to the
differential operator L.

— Thus, to summarize, for any function f, integrating f against the Green’s function y(z) =
f;o G(xz,t)f(t) dt produces a solution to the IVP Ly = f; y(zo) = v'(z0) = 0.

o7



Example 11.3.8-9

e We consider Ly = wzy” —2xy + 2y = 3.

— This is the same L we studied before, but now we put it in normalized form y” — %y’—k %y = ;
since now we have z in a denominator, let us seek solutions y: (0,00) — R or (0,00) — C.

— More generally, let us solve y” — 2y/ + %y = f for an arbitrary f.
e Referring to example 11.3.7, the solutions to the associated homogeneous equation are 2 and z2.

— (In fact, this example is actually a bit silly, since, as we mentioned there, we will never need

the second function z2. Thus, one could just start with the Ansatz y(z) = zu(x) and plug

this into the equation as we did before. Nonetheless, we will use this example to demonstrate
the general approach using both u; and us.)

e We thus seek a particular solution of the form y,(z) = zu;(z) + 2%u2(z) (and will then have the
general solution y = yp(z) + c17 + ca2?).

— Let us do this in three (more or less equivalent) ways, just to summarize the above discussion.

e First way: we set up the equations for v} and uh:
ru + :1:22/2 =0
uy + 2zuly = f

2

— Subtracting the first equation from = times the second, we obtain z*u)\, = fz, and inserting

this into the first equation gives zuj = — fz.
— We thus have u;(z) = — [ f(z) dz and ug(z) = [ @ dz.

— We conclude that we have a particular solution

x)z—x/f(x)da:%—ﬁ/f?dx

— For example when f(z) = x as above, we obtain

1
yp(z) = — 2@ + a3 _51'3.

e Second way: we compute the Wronskian
w(x) = y1yh — yoy| = 22° — 2% = 22

— We now use the explicit formulas above for u; and us:

u2(x):/y1(j2£)($) d:c:/;;f(m)dx:/ff)d

which of course gives the same answers.

and
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e Third way: we compute the Green’s function of L

yi(ya(z) =gty (z) tr? — t’x _
w(t) 2 t :

G(z,t) =

— We then obtain a particular solution y;, with initial conditions y,(0) = y;,(0) = 0 by integrating
against the Green’s function:

2

€T x T
w(@) = [ Glanrwa= [ (% -a)rwa
0 0
which is again the same answer we got before (though written slightly differently).

Higher-order equation

e The method of variation of parameters also works for higher-order linear equations. We comment
on it very briefly here.

e Given an n-th order linear equation Ly = f (with possibly non-constant coefficients), we first find
n solutions y1, ..., y, to the homogeneous equation.

e We then make the ansatz y = u1y1 + - - - + uny, for some undetermined functions ui(z), ..., u,(z).

e Plugging this into Ly = f and making a similar (but more complicated) computation to before, we
end up with a sufficient condition for y to be a solution, namely that the functions u}, ..., u), satisfy
the linear system of equations (with non-constant coefficients)

where U is the column vector (u},...,u}), b is the column vector (0,...,0, f), and A is the matrix
with entries A;; = y](-z).
e When n = 2, this specializes to the system that we saw before.

e The determinant w(z) of A(x) is again called the Wronskian of the functions y1, ..., y,, and we again
have that it is non-zero for all x if the y; are independent solutions to the homogeneous equation.

e Hence, we can solve invert A and solve the system for the u}, and hence again we can conclude that
this Ansatz will produce a solution.
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18 Apr 7, 11.5: Laplace transforms

18.1 11.5: Laplace transforms

e Given a function f: [0,00) — R, its Laplace transform is the function £[f] defined by

Clf)(s) = / T et () de

0

assuming this integral converges — otherwise the Laplace transform of f does not exist.

— In general, the function L£[f](s) is not defined for all values of s but only for s sufficiently large
(as we'll soon see).

— We recall that, in general, an improper integral faoo F(z)dz is defined as the limit (if it exists)

lim7_ o0 faT F(z)dw.

— Note that we can also define the Laplace transform for a function f: R — R, but from the
definition, it is clear that it only depends on the restriction of f to [0, c0).

— In applications, one often says that the Laplace transform transforms a function “on the time
domain” to one “on the frequency domain”. This is because, if ¢ has units of time, then s has
units of inverse time, i.e., frequency, in order for the argument —st of the exponential function
to be dimensionless.

e Important example: for a € R, we have

00 T (s—a)t71T
E[eat](s) _ / eStet 4t — lim (5=t 44 — 1im |:_ e :| _ 1
0

TS0 Jo T-00 s—al,, s—a
— We see here that the last limit converges only when s > a, and hence L[e%] is defined only on
(s,00).
Key properties of the Laplace transform

e There are a couple of important properties that make the Laplace transform useful for solving
differential equations.

e The first is that £ behaves well with respect to derivatives. Namely, we have the formula:
L[f'(s) = —f(0) + sL[f](s)
— For this formula to hold, f has to satisfy two conditions:

(i) The Laplace transforms L[f] and L[f'] must exist (of course)
* (ii) We must have lim; o e 5! f(t) = 0 for all (sufficiently large) s. (This is saying that
f “does not grow too fast”.)

— The proof is a straightforward computation using integration by parts:

T
L[f'](s) = lim e SLF(t) dt

T—o00 0

= lim [e_St f(t)}

T—o00

T

T
+s/ e St f(t)dt
0

t=0
= —f(0) + sLLf1(s),

where in the last line we used assumption (ii).
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e The second is that L is linear: Llc1fi + cafa] = c1L[fi] + c2L[f2] — this is immediate from the
definition.

— (Though we note that it is a bit awkward to formulate £ as a linear map between two specific
vector spaces, since its codomain is something like “the set of functions defined on (a, o) or
[a, 00) for some a € [—00, 0)".)

e The third, very important property, is called Lerch’s theorem: it says that if £[f] = L[g], then
f=y

— It’s important to note that, if f and g are functions defined on all R, then the conclusion of
this theorem can nonetheless only be that f and g agree when restricted to [0,00), since we
can arbitrarily modify f and g on (—o0,0) without changing their Laplace transforms.

— This theorem more or less amounts to the existence of an inverse Laplace transform £, with

L7YLIf]] = f. In the above example, for instance, we would have £L71[-L](t) = 2.

— We will not prove Lerch’s theorem. But we note that the nicest proof involves some auxiliary
concepts, and we will comment more on them below.

Example 11.5.1

e Let’s see how to put the above properties together to help us solve a differential equation; we start
with a simple example — in fact, too simple to really show the usefulness of the methods, but it still
illustrates the general idea.

We seek a solution y: R — R to the IVP

Y +2y=0; y(0)=3

Applying L to both sides of the equation and using linearity and L[y'] = —y(0) + L[y|, we obtain

-3+ sLly|(s) +2L]y](s) = 0.

Hence, solving for L[y], we obtain L[y] = s_%

e We thus see that L[y] = L[3e~?] and hence, by the existence of £~1, that y(t) = 3e=2.

e Warning: note that we can actually only conclude from this that y(t) = 3e=% for t > 0!

— Of course, we can easily check that this is in fact a solution for all ¢t — though if we want to
say that it’s the unique solution, we can a priori only say this for ¢ > 0.

— However, it follows from the uniqueness theorem for first order ODEs that y is the unique
solution on all of R.

— We will be able to draw a similar conclusion when applying the Laplace transform to higher-
order equations using the uniqueness theorem for higher-order equations (which so far we have
only stated in the case of linear equations with constant-coefficients).
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Further remarks on the Laplace transform

e The Laplace transform is used heavily in electrical engineering, specifically control theory and signal
processing.

e In those contexts, the restriction to functions [0, 00) — R often arises naturally (for example, when
considering a signal f(¢) that only begins at time ¢ = 0.

e It is possible, and sometimes necessary, to consider the Laplace transform L[f](s) [5* e f(t) dt as
a function of a complex variable s € C. It follows from certain theorems of complex analysis that
the values of L[f](s) with s € C are completely determined by the restriction of L[f] to s € R.

e Another generalization which is important in applications is to consider L[f] not just for functions
f but for Schwartz distributions such as the Dirac delta function J.

— This is a “function” with the property that [*° &(z)f(x)dz = f(0) for any (reasonable)
function f, and in particular f_oooo d(z)dx = 1.

Thus §(x) is “completely concentrated” at the point = 0 but has “total mass” 1.

— This arises for example in signal processing in the analysis of discrete, rather than continuous,
signals.

— Similarly, for any a € R, there is a shifted delta function 6(x — a) with [ d(z — a) f(x) dz.

— It follows for a > 0 that L[0(t — a)](s) = e **.
e The Laplace transform is closely related to the Fourier transform F|[f](s) = [%_ e 2™t f(t)dt,
which is also used in a wide variety of applications, and is notably of central importance in quantum

mechanics, and which has similar nice properties which make it useful in the study of differential
equations.

e An explicit formula for the inverse Laplace transform £7![F] (when it exists) is given by

LTF|(t) = e / F(a + 2mis)e*™ ds.

—00

for an appropriate value of the constant a € R.

— As you can see, this makes use of values of the Laplace transform F' = L[f] as a function of a
complex variable.

— This is most easily proven using related properties of the Fourier transform.

Example 11.5.2

e The same approach as used above works for higher-order equations.
e The key fact is that
Lly")(s) = =/ (0) + sLLy'(s) = —y'(0) — sy(s) + s"L[y](s)

and similarly (by induction)

n—1

Lly™](s) = s"Lly)(s) = Y "1y ®(0).
k=0
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— To use this, we need the same assumptions as above, which now say (i) all of the Laplace
transforms L[y®] exist for k = 0,...,n and (ii) lim;_ o e =%ty (¢) for all (sufficiently large)
sand all k=0,...,n—1.

e Let’s consider the IVP
y" —y =2y =3e" y(0) =1; /(0) =0.
— Setting Y = L[y] and applying £ to both sides, we obtain

3

1 = (=(0) = sy(0) + $°Y) = (—y(0) +sY) —2Y

= ( 2—5—2)Y—(8—1).

— Solving for Y, we have
5?2544
S (s—1)(s2—5-2)

It remains to find the inverse Laplace transform of Y, for which it useful to first find a partial

fraction decomposition: set
A B C

Y = )
s—1+3+1+s—2

— We find A by multiplying both sides by s —1 and setting s = 1, and we find B and C similarly.
— This gives A = f%, B = %, C= % and hence

—3/2 7/6 4/3
Y(s) = .
(5) s—1 +s+1 s—2

— Applying the inverse Fourier transform, we thus have

3 7 4
y(t) = —iet + ée_t + ge%.

— Again, this holds a priori only for ¢ > 0, but by the uniqueness theorem for second
order ODEs (which we actually have in this case, since this is a linear equation with constant
coefficients), it follows that it holds for all ¢.

Tables of Laplace transforms

e We now have a feeling for the general method: apply the Laplace transform to both sides of a
differential equation in y to turn it into an algebraic equation in Y = L[y], and then solve for Y.

e Then, after possibly rewriting Y as a linear combination of simpler functions (e.g., by partial fraction
decomposition), find the inverse Laplace transform of Y (by finding it for each of the simpler pieces).

e This last step can be facilitated by consulting some big table of known Laplace transforms; one such
table is provided in the textbook, in Table 111.1 on p. 545.

e There are also various other properties of the Laplace transform and inverse Laplace transform which
makes them easier to compute.

— Prominent among these (and discussed in section 11.6 in the book) is that (under certain
assumptions) the Laplace transform turns convolution into multiplication:

L[f * g](s) = L[f1(s) - [9](s)-
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— Here, the convolution of two functions f, g: [0,00) — R is defined by

(f * g)(t) = /0 Flu)g(t — u) du,
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19 Apr 9, 12.1: Vector fields

19.1 12.1A: Geometric interpretation
e We now begin our study of systems of differential equations.

e In general, such systems will have several unknowns, each of which is a function which together with
its derivatives appears in the given equations.

e We will now change our notation and systematically use ¢ rather than z for the variable with respect
to which derivatives our taken.

— This is so that we can use z(t) and y(t) for the unknowns in a given system. As is common
when considering functions of time, we will also begin to use Newton’s notation @(t) and (t)
for differentiation, rather than Lagrange’s notation 2/(t) and y/(¢) as we have been doing.
Thus, a typical first-order system of two equations in the unknowns z(¢) and y(t) would look
like

— We write # for the second derivative, but still write (™) for higher derivatives.

Example 12.1.1

e Consider the system

e We seek a solution (z,y) with z,y: R - R

e This is the simplest kind of system, since each unknown occurs in just one equation (and each
equation contains a single unknown). such a system is called uncoupled.

e We thus solve it by solving each equation separately; so here, the general solution is (x,y) where
z(t) = cref and y(t) = coe?.
The geometric interpretation
e As usual, it is convenient to use vector notation when dealing with several variables.

e Thus, in the above example, we combine x and y into a function x: R — R? given by x(t) =
(z(t),y(t)). The system then becomes the single vector equation

X(t) = F(x(t), y(t))-
where F': R? — R? is the function F(z,y) = (x,2y).

e To give a coupled example, the system

G=x+y+t

y=xz—y—1t
corresponds to the single equation

x = F(t,z,y)

where F(t,z,y) = (z+y+t,x —y—t).
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e Note that a solution to such an equation is a plane curve, i.e., a function x: R — R?; for a system
in n unknowns, it would be a curve in R".

— Such a curve in general is called a trajectory of the system.

— As we saw, for the example considered above, the trajectories are exactly the curves of the
form (z,y) = (c1e!, cae?).

— If we fix an initial condition, say (x(0),y(0)) = (1,2), then this isolates a particular trajectory
(z,y) = (e, 2¢*).

— Note that this trajectory is entirely inside the first quadrant, and as ¢ — —oo, it approaches
the origin, and it is in fact just the right (open) half of the parabola y = 2z2.

e We can make a sketch of several trajectories with varying initial conditions ¢; and ¢y to get a feel
for the general solution of the equation; such a picture is called a phase portrait.

— (Note however, that the phase portrait is incomplete in an important sense: the trajectories
are parametrized curves, having a definite velocity at each point, which is not captured in the
phase portrait.)

— In this case, there are three types of curves in the phase portrait: there are half-parabolas in
each quadrant, all converging to 0 as t — —oo; there are the positive and negative z and y
axes; and finally, when ¢; = ¢2 = 0, there is simply the constant solution (x(t),y(t)) = (0, 0).
This last type of solution is called an equilibrium solution, and we say that the origin is an
equilibrium point of this system.

General definition of a system of equations

e We can give a formal definition of a system of ordinary differential equation by repeating the defi-
nition of a single differential equation, simply replacing everything with vectors.

e Recall that we formally defined an ordinary differential equation of order m simply to be a function
F:R xR™ — R (or maybe F: U — R for some U C R™*!), which we think of as representing the
equation

2" (@) = F(t,x(t), 2(t), ..., 2™ (1),

e Thus, in just the same way, we can formally define an m-th order system of differential equations in
n variables to be given by an arbitrary function F': R x (R™)™ — R"™ (or more generally F': U — R"”
for some U C R x (R™)™), which we think of as representing the equation

xM () = F(t,x(t),%(t),...,x""D(1)).

e A solution to this differential equation on an interval I C R then is a n-times differentiable function
x: I — R" satisfying
XM () = F(t,x(t), %(t), ..., x" (1))

for all ¢ € I (where, in the more general situation involving a set U, we must also require that
(t,x(t),%(t),...,xM=D(t)) € U for all t € I).
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o Writing x(t) = (z1(¢),..., 2y (t)) and similarly writing Fi,..., F, for the components of F, this
corresponds to n equations

2™ () = Fy (6, x(t),%(t), ..., x" (1))

M) = F,(t,x(t),%(t), ..., x" (1))

n

e Thus, for instance, if we consider a second-order system in three unknowns, we can write x(t) =
(z(t),y(t), 2(t)) and
F(t,x,x) = (F\(t,z,y, 2, 2,9, 2), Fx(t,x,y, 2, 2,9, 2), F3(t,z,y, 2, %, U, £))

and the equation X = F(¢,x(t),%(t)) then corresponds to the system
i=F(txy, 2129 2)
= F(t,z,y,2,1,7, %)
Z=Fs(t,x,y,2,2,9,2)

19.2 12.1B: Autonomous systems

e We now consider a first order equation x = F'(¢,x).

e Recall that, geometrically, the vector %(t) is the velocity vector of the curve x, and is a vector
tangent to curve x at the point x(¢). (For this reason, the velocity vector is also called a tangent
vector, though it’s to be remembered that the velocity vector also contains the information of the
speed (which could be 0!), and not just the direction).

e Thus, we see that the equation is simply specifying what the velocity vector of a trajectory should
be at each point.

e In other words, the function F': R x R™ — R" defining a first-order equation is simply a vector field,
and a solution is simply a parametrized curve whose velocity vector is always the one specified by
the vector field (such a curve is sometimes called an integral curve or flow line of the vector
field). It should be noted that if F'(¢,x) really depends on ¢, that this is a time-varying vector field.

e A (possibly higher order) system of ODEs which does not depend on time is called autonomous.

Example 12.1.2
e An example of an autonomous system is (z,9) = (—y, x).

T =—y

j=u

The resulting vector field is depicted in Figure 12.4 (b).

It strongly suggests that the trajectories of the system are circles around the origin.

In fact, a naive approach to solving this system suggests itself: substitute one equation in the other.
— This gives & = —z, which we know has (among others) solutions z = r cost.
— Substituting this in the second equation gives y = x = r cost, which has a solution y = rsin¢t.

— We see the circles (z,y) = (rcost,rsint) are indeed trajectories of the system.

We will see soon more systematic methods for solving this system.
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Another example

As we noted when discussing slope fields, they are related to, but not the same as vector fields, and
one should make the distinction clear to oneself.

However, the two concepts can be related as follows.

Given a first-order equation y = f(¢,y), one can define the system
=1
g =flz,y).

In other words, this is the vector field F(z,y) = (1, f(x,y)).

Because all of the vectors have z-coordinate 1, they are determined by their slope f(z,y), and so
this essentially amounts to a slope field.

Moreover, the trajectories of this system are precisely the graphs of the solutions the original equa-
tion.

Example 12.1.3

Here is an example of a time-dependent vector field (hence of a non-autonomous system):
(2,9) = (1 — t)z — ty, tx + (1 — t)y).
At t = 1, this is precisely the vector field we considered before.
— But for instance at t = 0, it is radially outward.
— There are some sketches in Figure 12.5.

It is much less straightforward to solve this system.

Example 12.1.4

Suppose that in (&,9) = (F(t,z,y), G(t,z,y)), the functions F' and G are independent of ¢, or more
generally that R := F//G is (non-zero and) independent of t.

Suppose moreover that we have a trajectory (z(t),y(t)) such that y is a function of x, so that
y(t) = f(x(t)) (by the implicit function theorem, this will happen on some interval (to — €,tg + €)
for any tg with #(tg) # 0).
Then by the chain rule, we have

dy dy/dt F

A~ dgjdt G - By

This can give us some information about the (unparametrized) trajectory curves.

For instance, if (F,G) = (ty, —tz), we obtain R = —x/y, and hence
dy -—x

de  y
By separation of variables, we find that 22 + 32 = ¢ for some ¢ € R.

So we see that any part of a trajectory away from the z-axis and with non-zero velocity in the x
direction must lie on some fixed circle.
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20 Apr 14, 12.1C: higher-order systems

20.1 12.1C: Second-Order equations

e We now introduce an important trick which shows that — surprisingly — a higher-order system of
ODEs can always be reduced to a first-order system.

e The price to pay is that the number of equations increases; in particular, if you start with a single
n-th order equation, you end up with a system of n linear equations.

e We first consider the second-order case, so we have an equation

§=1ty,9).
— Now introduce a new function z(t) = y(¢). We see that the pair (y, z) satisfies the first-order
System
Y=z
z=f(t,y,z).

— Conversely, given any solution (y, z) to this system, we y will be a solution to the original
equation; hence we see that the original equation and the new system of equations are equiv-
alent.

e We can also carry over initial conditions: the IVP

y = f(tv Y, y)7 y(tO) = Yo, y(tO) = 20

corresponds to the system
y=-=z y(to) = o
2:f(t,y,2) Z(to) = 20-

e As an example, consider the harmonic oscillator & + x = 0.

— This turns into the system

we saw above.

— As we saw above, the solutions to this system are circular trajectories. But now we view
them with a new perspective: they are simultaneously plotting the position and velocity of a
harmonic oscillator.

e It’s clear how to generalize this to higher orders: the equation

y(n) = f(tv Y, ’y(n—l))

is transformed into the system

Tp—9 = Tp_1

Tp—1 = f(t,l‘o, EERR .’En,1)
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(n—1)

— Then y is a solution to the original equation if and only if y,9,...,y is a solution to the

new system.

— It is also clear how to transform an initial value problem, and also how to transform a higher-
order system with possibly many equations.

e [t is very good to know theoretically that every system is equivalent to a first-order system; though
when trying to solve or analyze a particular higher-order system, it may or may not be helpful to
convert it into a first-order one.

A note on “characteristic equations”

e A couple of people in class have asked what if any connection there is between the “characteristic
polynomial” of a linear differential operator, and the characteristic polynomial of a matrix from
linear algebra

e We will discuss the characteristic polynomial soon: it is a degree n polynomial p4(x) associated to
any square matrix A € K™*".

e We can see one connection by applying the above procedure to turn a single n-th order linear ODE
into a system of n first-order linear ODEs.

e Namely, any such system (say, with constant coefficients) has the form x = Ax+ b, with A € K™*"
and b € K™, and, we can thus consider the characteristic polynomial A, which is a

— Soon, we will have much more to say about studying a system of linear ODEs in terms of the
matrix A and its characteristic polynomial.

e Now if you apply this construction to a linear ODE 2 g2 44 a4 agr = 0 with
characteristic polynomial p(r), you end up with the matrix

0 1 0 0
1 0 0
A= -
0 1 0
0 0 1
|—@ —ar - —0n—1

e This is precisely the so-called companion matrix of the polynomial p, and it is easy to see check by
induction (once one has the definition of the characteristic polynomial) that it’s character polynomial

is p.
e Thus, we see that the characteristic polynomial of a higher-order linear equation is just the charac-
teristic polynomial of the matrix representing the corresponding first-order system of equations.
Existence and uniqueness theorem
e We now state the general existence and uniqueness theorem for higher-order equations and systems

of equations.

— Or rather, we will only state a theorem about first-order systems of equations, but by the
above trick, this immediate implies a corresponding theorem about higher-order equations
and systems!
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e The theorem statement is a direct generalization of the theorem we saw for a single first-order
equation:

e Theorem: Suppose F': U — R"” is continuous, where U = I; x V' C R x R" for some open interval
I and some open set V' C R™. Suppose that the derivative Fx(¢,x) with respect to x (i.e., the

Jacobian matrix (gfl )(t,x)) exists and is continuous.
J

— Then for any (t9,xo) € U, the IVP x = F(t,x); x(t9) = xo has a solution defined on some
interval I C I, and this solution is unique in the sense that for any two solutions x;: I — R
and x9: I’ — R, we have x1(t) = x2(t) fort € INT'.

— If moreover V' = R and there is some B > 0 such that all of the entries of Fx(t,x) are bounded
by B for all (¢,x) € U, then the solution will exist on the entire interval I.

e Not only is the statement the same as in the one-dimensional version of the theorem, the proof
(which we only sketched) is the same as well.

— That is, one again converts the differential equation into an integral equation x(t) = xg +

i F(t.x(t)) dt.

— Then one defines a solution again as the limit of the Picard iteration of this integral, and by
the same arguments (which are non-trivial and which I didn’t say anything about), one shows
that this limit exists and is a solution.

e Warning: one must be careful to interpret the uniqueness in the case of non-autonomous system.

— For an autonomous system, the uniqueness theorem essentially says that, for a given vector
field (satisfying the assumptions of the theorem), any two trajectories passing through the
same point must agree.

— In particular, if a trajectory x(t) satisfies x(¢9) = x(¢1) for some ty < ¢1, then we must have
x(to +t) = x(t1 +t), hence x(t) = x(t + t; — to) for all ¢, i.e., x is a periodic trajectory with
period t1 — tg.

— However, in a non-autonomous system, the uniqueness theorem only says two trajectories
passing through the same point at the same time must agree.

— In particular, a trajectory can cross itself at different times without being periodic.

20.2 A bit of 13.1 before turning to 3.6: eigenvalues and eigenvectors
e We now turn to the study of first-order homogeneous constant-coefficient systems of ODEs.

e These are precisely systems of the form
x = Ax

for some A € K™,

e Asin the one-dimensional situation, the study of these will be important also for the non-homogeneous
and non-constant coefficients cases.

e Now, in the 1-dimensional case, this equation is very simple: it is just
T =ax

with some a € R, with general solution z = ue® for some constant u € R.
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e Later, we will see that, amazingly, this generalizes quite directly: there is a notion of matriz expo-
nential e?, and we will find solutions of the form e?*u.

e For now, inspired by the 1-dimensional case, let us simply seek solutions of the form z(t) = e*u for
some \ € K and some non-zero u € K™ (by which we mean K™*! — we will be using this shorthand
frequently in what follows).

e We then have & = \eMu.

e Thus, this is a solution if and only if A(e)‘tu) = Ae*Mu which, because u is non-zero, is equivalent to

Au = \u.

e Definition: given A € K™*™, a non-zero vector u € K" is called an eigenvector of A with eigenvalue
A if Au = Au. We say that A € K is an eigenvalue of A if A has some eigenvector with eigenvalue

A

— (The prefix “eigen” in German means “proper” or “characteristic”.)

— Geometrically, this means that the linear transformation A, though it may be quite complicated
in general, acts on vectors in the direction of u simply by scaling it by A. (Note that if u is
an eigenvector with eigenvalue A, so is any non-zero scalar multiple of u.)

— The reason we exclude the zero vector u = 0 is that it satisfies Au = Au for every . Hence,
if we allowed it, every number would be an eigenvalue of A.

— Note that if A is a real matrix, it might still have complex eigenvalues, in the sense that it has

} which has

these eigenvalues when regarded as a complex matrix. An example is A = {(1) 0

1 .
] with eigenvalues ¥i.

i t
eigenvectors [ 1

At

e Thus, we see that x = e**u is a solution if and only if u is an eigenvector of A with eigenvalue A.

e We thus next turn to the general study of eigenvectors and eigenvalues.
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21 Apr 16, 3.6: Eigenvalues and eigenvectors

21.1 3.6A: Definition and examples, and 3.6B: Bases of eigenvectors

e Above, we defined the eigenvectors and eigenvalues of a matriz A € K™*".

e More generally, suppose L € L£(V') is any operator on a K-vector space V.

— We say that a non-zero vector v € V' is an eigenvector of L with eigenvalue A (and that A is
an eigenvalue of L) if Lv = \v.

— If V € K™, then we can consider L as a matrix in K™*", and this definition then agrees with
the previous one.

— More generally, if V' is finite-dimensional, and we consider the matrix [L]z representing L
with respect to any ordered basis B, and writing [v]|g for the coordinate vector of v € V' with
respect to B, we have [Lv|g = [L]g[v]g and hence Lv = Av if and only if [L]g[v]s = A[V]s
(since [A\v]p = A[v]g).

— It follows that v is an eigenvector of V' with eigenvalue A if and only if its coordinate vector
[v]p is an eigenvector of [L]|g with respect to A\, and in particular that \ is an eigenvalue of L
if and only if it is an eigenvalue of [L]g.

Example 3.6.4

e The differentiation operator D € L(C*>(R)) has eigenvectors e"* with eigenvalue 7.

Bases of eigenvectors

e Let L € L(V) be a linear operator, and suppose vi,..., Vi are eigenvectors with eigenvalues
Ay ..., Ag, so that L(vj) = Ajv; for all j.

— Then it is easy to compute the action of L on any linear combination of the v;’s.
— Indeed, if v =cyvi + -+ - vy, we have by linearity:

L(v) =c1Lvy + e Lvi = ciAvi + -+ - + CpAp V.

e In particular, if the v;’s form a basis of V', then we can express any vector v as a linear combination
of the v;’s and thence easily compute Lv.

e This is most neatly expressed by saying that if B = (vq,...,v,) is an ordered basis of eigenvectors
with eigenvalues A1, ..., Ay, then the matriz [L]g of L with respect to B is diagonal:
M 0O - 0
0 Ao 0
ms=|,
0 0 - A\,

— Indeed, this follows immediately since the j-th column of L is
[L]ej = [LIslv;ls = [Lv;]s = Ajlvjls = Aje;.
— We express this by saying that the operator L is diagonalizable.
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— Conversely, if [L]s is diagonal, then e; is an eigenvector with eigenvalue \; for each j, hence
v, is as well, and so B is a basis of eigenvectors with eigenvalues A1,..., \y,.

— Thus, diagonalizability of L is exactly the condition that V have a basis of eigenvectors of L;
this is Theorem 3.6.5.

e Geometrically, the diagonalizability of L means that there exists a coordinate system of V' such that
L simply scales the vectors on each coordinate axis (possibly by different amounts).

Example 3.6.1 and 3.6.2

e Consider the matrix A = [411 ﬂ )
e This has a basis of eigenvectors (1,2) and (1, —2) with eigenvalues 3 and —1, respectively.

e In Figure 3.10, there is a depiction of the action of A on vectors in the plane.

6C: Change of basis matrices

e Given a matrix A € K™*™ such that K™ has an ordered basis B of eigenvectors of A, we have the
associated diagonal matrix D = [A]g.

— We now ask: what is the relationship between A and D?

— The answer is that they are conjugate; in general, two square matrices X and Y are conjugate
if Y = UXU~! for some invertible matrix U.

e To see this, we consider a related question, given two ordered bases B and B’ of a finite-dimensional
vector space V', and a linear operator L € L(V'), what is the relationship between the matrices [L]g
and [L]g?

— (A similar question could be asked — and would receive a similar answer — about an arbitrary
linear map f: V' — W between finite-dimensional vector spaces, and given bases B, B’ of V
and C,C’ of W.)

e Using the relationship between linear maps and matrix multiplication, we proceed by writing L =
idy o L oidy, and concluding that [L]p = [idv|gp[L]slidv]s 5.

— Note that since [idy]sp [idv]gs = [idv]s = I, it follows that [idy]ss = [idy]zs. and hence
that [L]|g is a conjugate of B.

— Here, the matrix [idy]pp is called a change-of-bases matrix. Its i-th column is the coordinate
vector with respect to B’ of the i-th basis vector in B.

e Returning to the case of a matrix A, we have that A = [A]g, where € = (ey, ..., €,) is the standard
basis.

— It follows that for any basis B, we have [A]g = [id]z2 Alid]ge. (This, together with the next
statement, is Theorem 3.6.8.

— Here, the matrix [id|ge is particular simple: its columns are simply the elements of the basis
B (each of which is an element of K™, which we consider as a column vector).
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— Conversely, we see that for any matrix U, we have that U~'AU is equal to [A]s for some basis
B, namely the one whose elements are the columns of U.

In conclusion, to say that a matrix A is diagonalizable is to say that A = UDU ™! for some diagonal
matrix D and some invertible matrix U (whose columns are then a basis of eigenvectors of A).

Example 3.6.14

. 11 . . . . .
Considering the above example A = [ 4 1] with eigenbasis (1,2) and (1, —2) with eigenvalues 3

and —1, we conclude that

130 1
a=oft oo
11 11 |72 -1 (/2 1/4
WhereU—[2 _2] and hence U™" = = [_2 1}—{1/2 _1/4|"

Finding eigenvalues, and review of determinants

Let us see how to find the eigenvalues of a matrix A.

The equation Av = Av expressing that v # 0 is an eigenvector of A with eigenvalue A can be
rewritten as (A\I — A)v =0, i.e., v € ker(Al — A).

Thus, we see that A is an eigenvalue of A if and only A — A has a non-trivial kernel or,
what amounts to the same thing, if and only if Al — A is not invertible.

Now, we recall that a criterion for invertibility of a matrix is the non-vanishing of its determinant.
Let us recall the definition of the determinant.

The nicest way to introduce the determinant is by first describing a simple property which determines
it uniquely.

— Given K-vector spaces V1,...,V,, W, we call amap F': V] X --- x V,, — W multilinear if it is
linear in each argument, when all of the other arguments are held fixed.

— That is,
F(auy +bwy,va,...,vy) = aF(uy,vy,...,v,) +bF (Wi, va, ..., Vy)
and
F(vi,aug 4+ bwy, ..., vy) = aF(vi,ug,...,v,) +bF (v, Wa,...,Vy)
and so on.

— Next, in the case when all the V; are the same vector space V, so that F': V" — W, we say
that F is alternating if it changes sign whenever two of its arguments are swapped.

— That is,

F(Vl, N ,Vn) = —F(Vl, sy Vi1, V5, Vi1, o5, Vi1, Vi, Vg, ... ,Vn).

— Now any (n x m)-matrix can be considered as a sequence of n column vectors. Hence any
function F': K™ — K can be regarded as a function (K™)" — K, and thus we can talk
about F' being multilinear or alternating.
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The determinant det: K™*™ is then the unique alternating multilinear function satis-
fying detI = 1.

e To see why there can be at most one such function det, let A be a matrix with columns vy,...,v,.

We then have v; = 3" | A;je; for each j.

Using the multilinearity of A, it follows that

detA:det(vl,...,vn) = Z Ail,l---Aimndet(eil,...,ein).

i1yeyin=1

Now, it follows immediately from the alternating property of det that det B = 0 whenever a
matrix B has two identical columns.

Hence, in the above sum, all the terms vanish except those in which the ¢; are all distinct, and
hence in which (i1,...,i,) = (0(1),...,0(n)) for some bijection o: {1,...,n} — {1,...,n}.
Such a bijection is also known as a permutation, and the set of permutations is denoted X,,.

The sign sgn(c) of a permutation o € ¥, is given by sgn(c) = (—1)", where N is the number
of pairs of elements of {1,...,n} that get swapped by o: N = #{(i,j) |i <jAo(i) > o(j)}.
Now, it is easy to see that any permutation is a composite of transpositions, meaning permu-
tations which exchange two elements and leave all the others in place. One can then check by
induction that the sign of a permutation o € ¥, is exactly the number of transpositions in

any representation of o as a composite of transpositions; i.e., if ¢ = 7y o - -+ o 7y with each 7;
a transposition, then sgn(o) = N.

It follows that any alternating function F' satisfies F'(uy1,...,U,,) = (—1)®"7F(uy,...,uy)
for any permutation o.

Now we return to the formula for det A, which as we said can be written

n
det A= Z Agl’l .. -Acmm det(eol, ceey eon)
oEY,
which by the last observation is equal to

n
> (1T A1y Agpp det(er, ... ep)
O'EZn
which, using that detI =1 is equal to

n

Z (—l)sgnUAgl,l - Acm,n-
O'EZn

e We conclude that any alternating multilinear function det with detI = 1 must be given by this
explicit formula, which shows that there can be at most one such function.

e Moreover, if we define det by the above formula, then one can check that it does indeed satisfied
the required properties, and we thus conclude not only the uniqueness, but the existence of the
determinant.
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e In the case of (2 x 2) or (3 x 3)-matrices, the above of course recovers the familiar formulas for the
determinant.

e If we look at the last stage of the proof, we see we get a slightly more general statement: any function
F: K™"™ — K which is alternating and multilinear must be given by F(A) = F(I) - det(A).
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22 Apr 21, More 3.6: Eigenvalues and eigenvectors

22.1 More 3.6B: Bases of eigenvectors

Properties of the determinant

o A useful feature of the explicit formula for the determinant is that it immediately reveals that
det A = det AT (as is seen by re-indexing the sum by replacing o with o~1); hence the determinant
is also the unique function which is multilinear and alternating with respect to the rows of a matrix.

e We recall some further important properties of determinant.

e The simplest case in which to compute a determinant is that of a diagonal matrix D, with diagonal
entries Aq,..., An.

In this case, the determinant is just the product [\ ; A;.
This follows immediately from multilinearity and detI = 1.

Similarly, if A is (upper- or lower-) triangular, meaning that A;; = 0 for ¢ < j (or for i > j)),
then det A is again just the product of the diagonal entries.

This can be seen, for example, from the permutation formula, by noting that all but one of the
terms in the sum will be zero; alternatively, it follows easily by induction using the Laplace
expansion, which we turn to next.

e Next, a useful way to compute determinants it the Laplace expansion or cofactor expansion
along a given row or column of a matrix A € K™*".

Here, for each 1, j, we define the minor M;; € K=1x(n=1) of A to be the matrix obtained
by removing the i-th row and j-th column from A.

The Laplace expansion along the j-th column is then the formula
n . .
det A= Z(_l)H—]Aij det M,Lj
i=1

To prove it, write vy, ..., vy, for the columns of A. Using linearity in the j-th column, we have
det A = Z?:l Aij det(vy,... yVim1,€4, Vitl, ... V).

Thus, it remains to prove that det(vi,...,vj_1,€;,Vji1,...,Vy) = (—1)7 det M;;; we note
immediately that since det is alternating, this reduces to showing left-hand side equals

(=1)" " det(vy,... Vi1, Vigl, -3 Vn, €).
Because the determinant is alternating and multilinear, it follows that it is unchanged upon

adding a multiple of one column to another column.

Hence det(v1,...,Vj—1,Vjt1,...,Vn,€;) remains unchanged if we replace each v, with v, =
v — Ajre;, i.e., if we replace the i-th entry of each v by 0.

Let us write uy,...,u,—1 € K" ! for the columns of M;;, and let us write u, € K" for the
vector obtained from ug by inserting a 0 as the i-th entry.

We note that the sequence vy,...,V,;_1,V,i1,...Vy is precisely equal to u1y,...,0,_1.
q ) s Vy—1, Vji+1, p y €eq ’ 3
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— We have thus reduced to showing that (—1)"/ det M;; is equal to (—1)"~7 det (1, . . . , Up—1, €;),
i.e., that det Mij = (_1)n—i det(ﬁl, ey Upq, ei).

— Using that the determinant is also alternating with respect to rows, we have that the right-hand
side is equal to det(iy, ..., 0, 1,e,), where @iy € K™ is the vector obtained from u; € K1
by adding a 0 at the end.

— We now claim in general for any vectors wi,...,w,_1 € K" ! that det(wy,...,w,_ 1) =
det(Wi,...,Wp_1,€p).

— Indeed, this follows immediately from the characterization of the determinant, since both sides
are alternating, multilinear functions of wy, ..., w,_1 which take the value 1 on eq,...,e,_1.

e Next, the most important property of the determinant is its multiplicativity, meaning det(AB) =
det A - det B for any A, B € K™*".

— To prove this, fix A and consider the function F(B) = det(AB).

— If B has columns v1,...,v,, then AB has columns Avy,..., Av,.

It is thus immediate that F' is alternating, and also, since A is linear, that F' is multilinear.

It follows that F'(B) = F(I) - det(B) = det(A - I) det(B) = det(A) det(B) as desired.
e Another crucial property follows from this, which is that if A is invertible, then det A # 0.

— This follows since det Adet A~ = det(AA™!) = detI = 1.
— Conversely, if A is not invertible, then det A = 0.

x To see this, we use that if A is not invertible, then we can write some column of A as a

linear combination of the other columns, say detv,, = Z?;ll CiVi.

x It follows using the alternating property that

n—1
det A = Z C; det(vl, PN 7Vn—1uvi) =0.
=1

— There is a second approach, which proves the contrapositive — if det A # 0, then A is invertible
— by giving an explicit formula the A~!, based on the Laplace expansion.

* Namely, with the notation M;; as in the definition of the Laplace expansion, we have
(Ail)ij = (det A)fl(—l)iJrj det Mji.

+ Indeed, if we define A~! in this way, then using the Laplace expansion formula, it follows
that (A71A);; = (det A)~! Z?;l('—l)i+inj det M;; = 1, and when j # k, we have
(A7TA) i = (det A1 3" | (—1)"7 A;; det My, whichis 0, since 1, (—1)77 A;; det My,
is equal to the determinant of the matrix obtained by replacing the k-th column of A
with the j-th column (and any matrix with two equal columns has zero determinant).

e Finally, one more important characterization of the determinant (which however we will not use, nor
even formulate precisely) is that the det A is the (signed) n-dimensional volume of the parallelepiped
o avi|0<ay,...,ay, <1} spanned by the columns vi,..., v, of A; more generally, for any
subset U C R™ with a well-defined n-dimensional volume vol(U), we have vol(A(U)) = |det A -
vol(U), where A(U) is the image of U under the linear transformation A.
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Characteristic polynomials

Returning to eigenvalues, we said above that X is an eigenvalue of A € K™*™ if and only if Al — A
is not invertible, which we can now say is equivalent to det(A\ — A) = 0.

The explicit formula for the determinant says that det(A — A) is a sum of products of n entries of
A — A, where each such product contains one entry from each row, and in particular can contain
at most n diagonal entries.

Since all occurrences of A are on the diagonal, it follows that this is a polynomial of degree n in A.

We call the resulting polynomial p4(z) = det(zI — A) € K|z] the characteristic polynomial of A.

It follows that A is an eigenvalue of A if and only if p4(\) = 0.

In particular, we see that an (n x n)-matrix A has at most n eigenvalues, and in fact has ezactly
n (complex) eigenvalues, if counted with multiplicity.

Finding the eigenvalues of A then just amounts to finding the roots of the polynomial p4(x).

Once this is done, given an eigenvalue A, finding the eigenvectors with eigenvalue A then amounts
to computing the nullspace of A\ — A (or equivalently A — ATI'), which we know how to do — this is
just a matter of solving the homogeneous system of linear equations (A — AI)x = 0.

As an example, a diagonal or triangular matrix with diagonal entries Aq,..., A, has characteristic
polynomial [, (x — A\;) and hence the eigenvalues are exactly Aq,..., An.

Note in general that det(A) = (—1)"det(0-1— A) = pa(0) = (—1)"TT;-,(0 — Xi) = [T, N, iee.,
the determinant is always the product of the eigenvalues (taken with multiplicities).

Another important property of the characteristic polynomial is that it is invariant under conjugation:
i.e., for any invertible matrix U, we have pyap-1(x) = pa(z).

— Indeed, we have:

puav-1(z) = det(al — UAU 1)

= det(UzsIU ' —UAU)

= det(U(zI — A)UY)

= det(U) det(zI — A) det(U) !
= det(al — A)

= pa(x).

— Hence, when we conjugate a matrix, the resulting matrix has the same eigenvalues with the
same multiplicities.

— This is consistent with the fact that we already know, that when we diagonalize a matrix A,
the resulting diagonal entries are precisely the eigenvalues of A.
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Example 3.6.3

e Returning to the above matrix A = [ ] , we have

4 1

r—1 -1
zl — A= [ 4 x—l}

and hence
palz)=(x -1 —4=2>-22-3=(z-3)(z+1)
with roots Ay = 3 and Ay = —1. These are thus the eigenvalue of A.

e To find the eigenvectors for A; and Ao, we solve
3-1 —1][a]_[0] Lo [-1-1 =1 [=]_[o
4 31|yl |o] ™ 4 —1-1||y| " |o
e These reduce to 2z —y = 0 and —2z — y = 0, with solutions (1,2) and (1, —2), respectively.

Theorem 3.6.6: independence of eigenvectors

e We have seen that we can diagonalize any operator having a basis of eigenvectors. We now want to
investigate under what conditions this occurs.

e Theorem 3.6.6: if uy, ..., u; are eigenvectors of a linear operator L, and the corresponding eigen-
values A1, ..., A\ are all distinct, then the vectors u; are linearly independent.

— The proof is by induction on k, the base case k = 1 being trivial.

For the induction step, assume k£ > 1 and that uy,...,u;_1 are linearly independent.
— Now suppose that ciu; + - - - + cgpug = 0; we want to show ¢y =+ =¢; =0.
— Applying L to both sides, we obtain ciAjuy + - -+ + cgAgug_1 = 0.

— Subtracting A\ times the first equation from the second, we obtain ¢1(A1 — A\g)ug + -+ +
Ch—1(Ap—1 — Ap)ug = 0.

By the induction hypothesis and since A\; # Ag for all ¢ < k, we conclude that ¢; = 0 for all
i < k, and hence that ¢, = 0 as well, as required.

e We conclude that if an (n x n)-matrix has n distinct eigenvalues — or in other words if its
characteristic polynomial has n distinct roots — then it is diagonalizable.

Example 3.6.7

e Applying this theorem to the differentiation operator D € C*°(R), we see that the functions e”*
for differing values of r are all linearly independent, which is something we had previously deduced
from the uniqueness theorem for solutions to linear differential equations with constant coeflicients.
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Example 3.6.9

e The diagonal matrix diag(2,2,3) with diagonal entries (2,2, 3) is obviously diagonalizable, though
it does not have 3 distinct eigenvalues.

e Hence, the condition in the above theorem is sufficient, but not necessary.

e By contrast, the matrix

SN =
w o O

really isn’t diagonalizable.

— The reason is that, if it were to have a basis of eigenvectors, these would all have to have
eigenvalue 2 or 3. But by computing the kernels of A — 21 and A — 3I, we find that the only
vectors with eigenvalue 2 and 3 are multiples of e; and es, respectively.

(1] _01} , which is not diagonalizable

as a real matrix (i.e., there is no real U with U1 AU diagonal) since both eigenvalues are complex,
however it has two distinct complex eigenvalues £i, hence is diagonalizable as a complex matrix.

e As we mentioned previously, there are also examples like A = [

22.2 Triangulability

e As we have seen, it is not the case that every linear operator L € £(V') on a finite-dimensional
vector space V' is diagonalizable.

However, over the complex numbers, there are two nice results that do hold for every linear operator.

The first says that every linear operator L on a finite-dimensional complex vector space V is
triangulable.

This means that V admits a basis B = (by, ..., by,) such that the matrix A = [L]p is upper-triangular
(i.e., Aij =0for j < l)

— Another way of saying this is that each Lb; is a linear combination only of itself and the earlier
bi’S: Lbj = 23:1 Angz

The proof is by induction on the dimension n of V', the base case n = 1 being trivial.

— For the induction step, suppose n > 1.

Choose an eigenvector by € V of L, say with Lb; = Ab; (we know that L must have at least
one eigenvector, since its characteristic polynomial has at least one root!).

— Now complete by to a basis by, v, ..., v, of V, and set W = Span(va,...,v,) C V.

— We have a linear map II: V — W defined by IIb; = 0 and IIv; = v; for ¢ > 1.

By the induction hypothesis, the linear map ITo L: W — W is triangulable, so there is a basis
bo, ..., b, of W such that
J
TI(Lb;) = > Byb;
=2
for each j > 2, for some coefficients B;; € C.
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— It is easy to see that by,..., b, is a basis of V; we claim that L is triangular with respect to
this basis.

— Indeed, we have Lb; = Aby, and by the definition of II and the above equation, it follows for
each j that Lb; = Bijbq + 2522 B;;b; for some By, € C, as desired.

e A restatement of this theorem is that for every square matrix A € C™*"  there is an invertible
matrix U such that U~'AU is upper-triangular.
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23 Apr 23, 13.1: Eigenvalues and eigenvectors

23.1 Jordan normal form

e We saw that, though not every complex square matrix is diagonalizable, they are all triangulable.

e We now explain a second result, which is a bit more complicated, but also much stronger: it says
that each operator L on a finite-dimensional complex vector space V' can be triangulated in a
particularly simple form, called a Jordan normal form, and moreover that this representation is
essentially unique.

— First, we define a Jordan block to be a matrix of the form

Al

1
A

for some A € C (all entries not shown are zero). In other words, it is equal to Al + N where
N is the matrix with
1 j=i+1

0 otherwise.

Nij = diy15 = {

— A matrix is then in Jordan normal form if it is a block-diagonal matrix

Aq
Ay

Ay,
where each block A; is a Jordan block.

x Formally, we can define a block diagonal matrix as follows: supposing that each A; is
a square matrix of size n; and setting n = Ele n;, we note that each a € {1,...,n}
is of the form a = Z;‘;}l nj + v, for some uniquely determined u, € {1,...,k} and
vg € {1,...,ny,}. Then the block-diagonal matrix A with blocks Ay,..., Ay is defined

by setting
Aab — {(Aua)vayvb Ug = Up

0 otherwise

x This definition is hard to work with in practice. It is better to work with the following
more abstract definition (which one should show is equivalent to the previous one): we
say that a vector space V is a direct sum of the subspaces Wi,..., Wy (denoted V =
Wi @ .- @ Wyg) if for each v € V, there are unique w; € W; for i = 1,...,k such that
vV =Wi,...,Wg. It is easy to see that, given ordered bases B; of W; for i = 1,... k, the
sequence of vectors B = By - - - By in V obtained by concatenating them is an ordered basis
of V. Now the fact is that for an operator L € £(V') on a finite-dimensional space V' and
an ordered basis B of V| the matrix A = [L]|g is block-diagonal with blocks A1, ..., A
if and only if there is a direct sum decomposition V.= Wj @ .- & W} such that each
Wi is invariant under L (i.e., Lw € W; for w € W;), and bases B; of each W; such that
B = By By and A; = [L[y.]p,. (In particular, a given matrix A € K"*" is block
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diagonal if and only if the standard basis £ of K™ can be decomposed into subsequences
E =&1...& such that each W; = Span&; is invariant under L; and in this case the i-th
block is the matrix A; = [Aly, ]e;.)

e The theorem (which is quite non-trivial, and I will not prove it here) is then that for every linear
operator L on a finite-dimensional vector, there exists some basis B such that the matrix [L]z is in
Jordan normal form.

— Again, an equivalent statement is that for every square matrix A € C"*™, there is an invertible
matrix U such that U"'AU is in Jordan normal form.

— As mentioned, there is a uniqueness statement as well: any two Jordan normal forms for L
are the same, up to rearranging the Jordan blocks.

e Note: the letter N is used because this matrix is nilpotent meaning that some power of it is zero;
in fact N¢ is zero where N € C"*",

— More generally, we can compute N* explicitly for any k > 0: it is given by (N*);; = O(itk),j-
— This is because Ne; = e€;_1 for i = 1,...,d (where we set e, = 0 for ¢ < 0) and hence

ka. —
N e =€,_.

23.2 13.1 Eigenvalues and eigenvectors

e We return to the linear system x = Ax for some A € K™*",

A

e As we have seen, this has a solution x = eMu whenever u is an eigenvector of A with eigenvalue \.

Example 13.1.1

e Consider the linear system with matrix A = [le ﬂ .

e We have seen that A has eigenvectors u; = (1,2) and us = (1, —2) with eigenvalues 3 and —1,
respectively.

e Hence, we obtain solutions
1 1
_ .3t —t
x(t) = cre [2] + c2e [_2]
for ¢1,c0 € K.

e Moreover, for any initial condition xo € K2, we can write Xg = ciu; + couy for some ci,cy € K,
hence the solution x = cje3tu; + coe "ty satisfies x(0) = xq.

e Since by the existence and uniqueness theorem, there is a unique solution with this initial condition,
it follows that every solution is of the form x as above; i.e., this is the general solution.
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13.1B: Eigenvector matrices

More generally, the above argument shows that if A is diagonalizable with eigenbasis uy, ..., u, and
eigenvalues Ap,. .., Ay, then the general solution to x = Ax is ) ;" ; cieMituy,
We can summarize this in a nice way by introducing the matrix U with columns uy,...,u,. Recall

that we have seen that A = UDU !, where D = diag(\1, ..., \n) is the diagonal matrix with entries
Ayeey An).

Now introduce the diagonal matrix A; = diag(e*'?, ..., eMt).

The general solution can then be written as x = UA;c with ¢ = (¢1,...,¢,) € K™ an arbitrary
vector.

We can see directly that this is a solution: we have that At = DA; (where the derivative of a

matrix-valued function is, as usual, defined entry-wise differentiation).

— Next, since matrix multiplication satisfies the product rule %(X Y) = XY + XY (this follows
from the formula for matrix multiplication, and the product and sum rules for differentiation),
and since the matrices U and c are constant, it follows that z = UDA;c.

— But we have UD = AU, hence & = AUA;c = Ax, as required.

We can similarly see directly that this is the general solution: given any initial condition xg, to find
a solution x = UA;c with x(0) = xg, we see we must have xg = UAgc = Uc and hence ¢ = U~ xg.
Thus, we see that x = UAU'xq is the desired solution.

— Soon, we will see that, using the matrix exponential, this form of the solution form generalizes
to the case where A is not diagonalizable.

Geometric interpretation

Continuing with the assumption that A is diagonalizable, A = UDU ™!, we can rewrite the equation
x = Ax as U 'x = DU 'x.

Let us set y = U~ !x. Then y = [x]s is just the coordinate vector of x with respect to the basis B
consisting of the columns of U.

The equation in y is then y = Dy.

This is just an uncoupled equation with general solution y = A;c. (This is the same general solution
x = Uy = UAsc we obtained above.)

In other words, if we use the coordinate system given by the eigenbasis B, in which A is just given
by scaling along the coordinate axes, then the differential equation becomes a simple, uncoupled
equation.
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24 Apr 28, 13.2: Matrix exponentials

24.1 13.2A: Definition

e For a square matrix A, we define its matrix exponential

> Ak
A A
e’ = —.
k!
k=0

where by definition A% =1.

— As usual, this is meant as a limit of partial sums limpy_, Z =0 k, , and where we are taking an

entry-wise limit: i.e., for a sequence of matrices By, we say By —> B if ( BN)U N—o0 Bij

for each (i, 7).

— Of course, a limit of a given sequence of matrices may or may not exist; and in particular, it
is not a priori clear that the matrix exponential is always defined.

e As a simple example where the matrix exponential clearly is defined, consider a diagonal matrix
D = diag(\1, ..., \n).

— Then D* = diag(\F, ..., \F), hence Zk 0 k' = diag (Z,ivzo %’1:, . .,Z;CVZO ’;—i}) and hence in
the limit we have that e? = diag(e?, ..., eM).

— In particular, wit the notation A; from the previous section, we see that Ay = eP.

Theorem 13.2.1

e Theorem: The matrix exponential e/ exists for all matrices A € C**",
— Moreover, for a fixed A, the function ¢ — e!? satisfies the following properties:
_ (a) e(ert)A _ esAetA_
— (b) ettt =1.

— () Sett = Aeth =t A,

e As a preliminary remark, note that for any two polynomials p(z) and g(x), the matrices p(A) and
a(A) commute, i.c., p(A) - g(A) = g(A) - p(A).

— (We recall here that by p(A) is defined as > i ,a;A’, where p(z) = Y. ja;z’, and q(A)

similarly.)

— This is clear since A™ and A™ obviously commute for any m,n, and if a matrix X commutes
with both Y and Z, then it also commutes with aY + bZ for any scalars a and b. (More
generally, if A and B commute, the so do p(A) and ¢(A).)

— It follows that if p(A) = > 0°  a, A" and ¢(A) = > 77, by, A" are convergent power series in
A, then p(A) commutes with ¢(A) (and with ¢(B) for any B commuting with A.)

— Indeed, if we let py(A) and gn(A) be the N-th partial sums, of these power series, then
pn(A)an(A) = an(A)pn(A).
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— Now we may to the limit N — oo to obtain p(A)q(A) = ¢(A)p(A), since matrix multiplication

commutes with limits: if Xy 2= X and Yy 2= Y then Xy - Yy =% X . Y. This is

because for a matrix the entries of a matrix product X - Y are all continuous functions in the
entries of X and Y.

e Let us now see that e always exists.

— That is, we must see that the sequence Z]kV:O Ak—f converges (entry-wise).

— Choose some b > 0 such that |A;;| < b for all (g, j).

Since the entries of A2 are of the form > p_1 @ikagj, it follows from the triangle inequality that
they are bounded in absolute value by nb?.

— Arguing similarly by induction, we find that the entries of A* are bounded in absolute value
by nF~1pk.

— We may now appl%f the comparison test to each entry of e against the convergent series
14+b+3 %, % to conclude that each entry of e is defined by an absolutely convergent
series.

e We next turn to (c).

— For the same reason as with ordinary power series, we can differentiate matrix-valued power
series e term-by-term. (The reason is each entry of e? is a so-called uniform limit of the
functions defined by the partial sums.)

— Hence, we have

d ;4 dSthAl S kthlak XL kol Ak 2.tk AR
—e = —_— —_— —_— —_— =
dt dt k! k! (k—1)! k!
k=0 k=0 k=1 k=0
where in the last step, we use the same fact used above that we may interchange matrix

multiplication with limits.
e We now prove (b).

— Using the product rule for matrix multiplication, and the fact that A commutes with e*4 for
any s, we have

d
a(e*tAetA) = —tAe et + de et = 0.

—tA etA

— It follows that each entry of e is constant in .

— Since e 4e04 = 1.1 =1, it follows that e *4e!4 =1 for all ¢.

t

e Next, we prove that f(t) = et is the unique matrix-valued function satisfying f'(t) = Af(t) and

£(0) =1

— This is analogous to the corresponding fact which we know about the ordinary exponential
function, and the proof is the same:
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— For any such function f, we have

d

S (1) = — A1) + AT f (1) = 0

— Hence the entries of e *4 f(t) are all constant in ¢, hence since e %4 £(0) = I-1, it follows that
e tAf(t) =1 for all t.

— Hence f(t) = (e7t) 7! = €' for all ¢.
e Finally, we prove (a).

78Ae(t+S)A'

Fix s € R and consider the function g(t) = e

Using the product rule and the chain rule, we have ¢/(t) = Ae 54e(t+9)4 = Ag(t).

We also have g(0) = e~54e(0+9)4 =T,

— Hence, by the above uniqueness statement, g(t) = e!4, hence etT9)4 = ¢4t a5 desired.

24.2 13.2B: Solving systems

e Now consider the equation x = Ax for any matrix A.

o Setting x(t) = e*tu for any u € K™, we have using the product rule that x = Ae*u = Ax, hence
this is a solution.

0A

e Moreover, this is the general solution, since for any initial condition xg, we have e”“xy = x¢, hence

et4xg is the unique solution satisfying this initial condition.

e We can also see directly that it is the general solution, without appealing to the uniqueness theorem:

if x is any solution, so that © = Ax, we then have by the product rule %(e*Atx) = —Ae Ax +

Ae 4tx = 0, hence e “*x must be equal to some constant u, and hence x = e*u.

e Note also that if Au = Au, then (as you’ll show in the homework) A™u = A™u for all n, and hence

etAu = e/\tu

— Hence, in this case the solution e u becomes the solution e
to, by the uniqueness theorem).

u we found previously (as it had

24.3 13.2C: Relationship to eigenvectors

e If A is a diagonal matrix A = D = diag(\y,..., \,), we have ¢!4 = A; in the notation from above,
so in this case, we recover the general solution x = Asu to the uncoupled system x = Ax.

e Now suppose more generally that A is diagonalizable so that A = UDU!.

e We now make the crucial observation that exponentiation commutes with conjugation: Y XY™ =

YeXY 1. Indeed, we have

N N ky—1
© Z leéoz !
k=0 k=0
N N
Xk i Xk X1
=Y (kZO') V(3 gy = vety
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where in the penultimate step we are once again using the continuity of matrix multiplication, and
where in the second step, we are using that (Y AY 1) (YBY 1) = Y(A-B)Y ! for any A, B € C"*",
and similarly, by induction, for the product of the conjugates of any number of matrices.

e Hence, the general solution to X = Ax is
ethu = VDU g = etPy—1y = UAU M,
recovering the general solution we found before.

e Let us now look at a non-diagonalizable example.

Example 13.2.1

1 1
o Let A= |:0 1].

1 k
0 1

Note that A" = [ 0 ¢n

] and hence (tA)" = [t h ]

Noting that )7, k%k, =tdel = te!, it follows that

t t
t
:[ ]
0 e

We thus have the general solution

t t
+ cot
X = etA |:Cli| = |:Cle fZ 6] .
C2 coe

We thus see the reappearance of the term te’ that came up in linear equations with repeated roots.

— Note here, that p4(z) does indeed have the repeated root 1 with multiplicity 2.

— But beware! The matrix A = I also has 1 as a double root, but its general solution is
_ t ot
x = (c1e’, cae’).

— The difference is that in the second case, the multiplicity 2 eigenvalue corresponds to two
linearly independent eigenvectors, whereas in the first case, there is only one eigenvector
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25 Apr 30, 13.2D: Computing matrix exponentials

25.1 13.2D: Computing ¢4 in practice.

e We know how to compute e when A is diagonalizable (by diagonalizing A), and we saw how to
compute e in the above simple example. We now seek how to compute it in general.

e This can be done by using the Jordan normal form A = UJU ! of A.

— Recall that (tA)* = U(tJ)*U~" and % = Ue UL,

— Moreover, products and sums of block-diagonal matrices (with blocks of the same size and in
the same order) are computed block-wise

x Le., if X and Y are block-diagonal with blocks Xi,..., X, and Y7,...,Y,, respectively,
with X; of the same size as Y;, then X + Y and X - Y are block-diagonal with blocks
Xi1+Y,..., X, +Y, and X; - Y1,..., X, - Y, respectively.

% (This is because if V.= W; @ --- @ W}, is a direct-sum decomposition of a vector space
V and each Wj; is invariant with respect to both Ly, Ly € L(V'), then each W; is also
invariant with respect to Ly + Lo and L o Ls.)

— Hence if J has Jordan blocks Ji, ..., Js, then e*/ has blocks e!/1,. .. et’s.

— Hence, if we can compute the exponential for a single Jordan block, we can compute it for the
entire Jordan normal form.

e Now, recall that each Jordan block J; has the form J; = Al + N, where N is the matrix given by
Nij = 0(i41),;- Let d be the size of the Jordan block J;.

— Using that N7 = 0 for j > d (more generally, it is easy to see that N7 is the matrix with zeros
everywhere, and ones on the diagonal which is j entries above the main diagonal), it follows

that i
Z()xﬂ NG = tkz<>)\k i
§=0
— Hence
) tkd 1
=3 ()Ak wi-S w3l ()w
k=0 " j=0 j=0 k=j '\J
d—1 ;00 d—
NJ e t +J
— —-J _
I L Y >4
J=0 =3 j=0 k=0 =0
— Hence, e!i looks like
1t 5 4 ]
2 3 (d—1)!
t2 :
o1 t 3
Y :
t2
2
1 t
L0 L
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— We again see the reappearance of the terms t*e* we saw for linear differential equations with
multiple roots; but again, note here that it is not just the multiplicity of the roots that matters,
but the size of the Jordan blocks.

e We conclude that e/ is a block-diagonal matrix with blocks e!’i as above.

e Hence, finally, e!4 = Ue!/U~!, and hence we have an explicit way to compute e!4 once we have its
Jordan normal form.

— Of course, this only helps if we can find the Jordan normal form of A — i.e., find the basis U
such that U~' AU is in Jordan normal form.

— There is a general algorithm to do this as well, once the eigenvalues of A are known (which
we will not present).

— We next present an alternative method to compute et4 which is often easier.

— But first, let us work out an example directly using the Jordan normal form.

Example 13.2.5 using Jordan normal form

e Consider the matrix A = [_04 _14] .

e This has characteristic polynomial det [

A= -2

-1 9 B 9 .
4 )\-I-ZJ = A +4X+4 = (A + 2)° with a double root

e Hence, the only two possibilities for the Jordan normal form are [_02 _02] and [_02 _12} .

e Next, let us find the eigenvectors: we have ker(A — (—2)I) = ker [_24 _12] = Span { [_12] }

e We see that A has only one independent eigenvector, so it cannot be diagonalizable. Thus, its

Jordan normal form is J = [_02 _12] .
e Next, we seek the matrix U such that A = UJU™!, or in other words, the basis uj, us such that J
is the matrix for A with respect to this basis.

e Recalling what it means for J to represent A with respect to the basis ui, us, and inspecting J, we
see that we must have Au; = —2uy, hence u; is the (unique up to scaling) eigenvector u; = (1, —2);
and we see that Aug = u; — 2uy, or in other words (A — 2I)uy = u;.

e Thus to find ug = (z,y), we solve [_24 _12] [;j = {_12], and we find (z,y) = (1, —1).
1 1

-1 -1
-1 _
9 _J,andhenceU { ]

e In conclusion, we have U = [ 9 1
— (As a consistency test., we can verify that A = UJU ! as required.
y ) Yy q
e Hence:

tA g tdrr—1 ot |1t o1 oy |12 t
et =Ue“U " =e¢ U[O 1]U =e [—4t e

92



26 May 5, More 13.2D: Computing matrix exponentials with Cayley-
Hamilton

26.1 13.2.5 Cayley-Hamilton theorem
e We next turn to the promised alternative method to compute the matrix exponential.

tA tA

— We will prove the following Theorem: e’ can be written as a linear combination e =
Z}:& bj(t)A’ for some smooth functions b;(t).

— The proof will make use of the Cayley-Hamilton theorem.

e The Cayley-Hamilton theorem says that p4(A) = 0 for any A € C™*"™, where p4 is the charac-
teristic polynomial of A.

— This follows easily from the existence of the Jordan normal form A = UJU L.

— Indeed, if A has eigenvalues A1, ..., \s with multiplicities di, ..., ds, then pa(z) = [[7_;(z —
A% and pa(A) = [y (A — A% = U] (] — ADYAD-1)

— But now each Jordan block Jj is of the form A\; 14V for some i and has size at most ¢ < d; (since
the Jordan block Jj, contributes ¢ copies of the eigenvalue \i to the characteristic polynomial).

— Hence (J; — AI)% = N% = 0.

— Hence [[;_;(Jx — A;I)% = 0 for each k, and since polynomials of block-diagonal matrices are
evaluated block-wise, it follows that [T;_,(J — \iI)% = 0.

e Note that this proof actually gives a stronger result, namely that m 4(A) = 0 for a certain polynomial
ma(z) called the minimal polynomial, which is smaller than, i.e., divides pa(x).

— ma(z) is defined by ma(x) = [[;_; (x — X\i)™, where m; is the size of the largest Jordan block
of A with eigenvalue A;.

— It is called minimal because, as is easily proven, it is the unique monic polynomial of least
degree with m4(A) = 0, or also because it divides every polynomial p with p(A4) = 0.

— Tt will follow that in the theorem we are working towards — i.e., that e!” is a combination of
the powers of A — we similarly only need to take the first d powers, where d is the degree of
ma(x).

e Let us now prove that e can be written as a linear combination ¢4 = Z?;(l) bj(t)A’ for some
smooth functions b;(t), with d the degree of m4(z).

e To begin with, it follows immediately from the Cayley-Hamilton theorem that A? is a linear combi-
nation Z?;(l) cj A

e By induction, it follows that for all N > 0, AV is a linear combination of A%, ..., A%! i.e., we have
AN = C(()N)AO + -4 cgﬁ)lAd_l for some coefficients c(()N), ... ,cgpl.

e Specifically, we find that for N > d, the coefficients c§-N) satisfy the recurrence relations céNH) =
cocfjf)l and C§N+1) = cjcgj)l + cgjlq for j > 0.
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— We also have the base case C;N) =d;jnc; for N < d.
— It follows by induction that if |¢;| < b for all j, and b > 1, then ‘C;N)’ < (2b)" for all N.

e We conclude that (
o) d—

A ) d—1 e (
S 3 M S
k=0 k=0 =0 j=0 k=0

(k)
as desired, where the series b;j(t) = > 72 %tk converges absolutely by the above estimates, and
where the possibility of exchanging the two sums also follows from absolute convergence.

e Thus, once we compute the powers A%, A1, A%, ... A%"! computing e/ boils down to finding the
coefficient functions b;(t), which we turn to next.
Example 13.2.8: side remark: Cayley Hamilton and inverses
They Cayley-Hamilton theorem gives an additional method for computing the inverse of a matrix.
Namely, if pa(z) = 3 a;2?, then 0 = pa(A) = >0 a; A

If A is invertible, then ag = det A # 0, and we can then solve for A% =1 to obtain

-1
I=A%=A(—ap » a; A7)

This shows that A™! = —ag Y 1 Lag AL

this way.

Example: let’s compute the inverse of A =

S O N
O N W
N DN =

We have pa(x) = (v — 2)% = 23 — 622 + 122 — 8.

— Hence 0 = ps(A) = A3 — 642 + 124 - 8.

— Solving for A~!, we obtain:
1
A7t = g(A2 — 64+ 121)

e Next, we compute

4 12 10
A2=10 4 8
0 0 4
e Hence
) L[4 6 4
A7l = —(A% - 64+ 121) 0 4 —4
8 0 0 4
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Theorem 13.2.4

e Theorem: We can write e? as a linear combination e4* = Z?:_ol bj(t)A’ in which the coefficient
functions b;(t) satisfy
n—1
et — Z b (E)N, (Ex0)
j=0
for all eigenvalues Ay,...,\,. Moreover, if some A, appears with multiplicity m, the b;(t) can be

chosen so as to also satisfy
di
d\

e = & :
A=A dx*

n—1
> bi(t)N (Exgi)

A=Ak j=0

foreachi=1,...,m — 1.

e As a first remark, note that the above equations (E), ;) are a system of n linear equations in the
functions b;(t).

— In the case when all the eigenvalues are distinct, the matrix of coefficients appearing in this
system is exactly the Vandermonde matrix, and is therefore invertible. Hence, we see that
there is a unique choice of functions by, ..., b,_1 satisfying these equations.

— Similarly, in the case where some eigenvalues appear with multiplicities, the resulting matrix is
the generalized Vandermonde matrix which came up in the proof of Theorem 11.2.4, which as
we saw there is also invertible. Hence, in this case too, there is a unique choice of by, ..., b,_1
satisfying the equations.

— (An important consequence of this is that the coefficients by(t),...,b,—1(¢) in the formula
etd = Z?:_& bj(t)A? for the exponential only depend on the eigenvalues of A.)

e Now, we first prove a part of the theorem. Namely, we prove that any functions by, ..., b,_1 with
etd = Z?:_ol b; A must satisfy the equations (Ey, ;) for i = 0,1,...,m/ — 1, where m’ < m is the
size of the largest Jordan block of A with eigenvalue Ag. (Note that the number of such equations
is exactly the degree d of the minimal polynomial of A.)

— By definition, we have *4 = Z?:_ol bj(t)Al.

— Taking the Jordan normal form A = UJU !, it follows by conjugating both sides that e'/ =
S by (1)

— Now, fix any Ak, and let B = A\l + IV be the largest Jordan block of J with eigenvalue Ag,
so that the size of B is m' as above (recall that N is the square matrix with zeros everywhere
and ones just above the diagonal: Ngp = §(a41))-

— Since multiplication of block-diagonal matrices is compute block-wise, we conclude that

e Now, we know from an earlier computation that the left-hand side of the above equation e!® =

At oM/ —1 ¢t arg
e ity TN

e Let us similarly compute the right-hand side.
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— Since B = A\ I + N, we have B/ = 5:0 (z))\i_ZN’

— Hence:
n—1 A n—1 J j o n—1 An—l j o m—1 ‘n—l j o
> B =>"b > (Z,>A{;ZNZ => N> <Z,>bjxgﬁ => NY <Z,>bjxgﬁ
7=0 7=0 =0 =0 Jj=t =0 Jj=t

e Comparing the two sides and noting that the N? are linearly independent for i = 0,...,m’ — 1 (this
follows by explicitly computing the powers of N € lexm’), we find that

ti n—1 j
At NIt
Ml = > <i>bjAk

j=i

foreach i =0,...,m — 1.

— Setting ¢ = 0, this gives the first equation
n—1
At _ J
M= "b;N,
§=0

— For the case i > 0, we multiply both sides by ! to obtain

n—1 .
Metpi Jvo e
eIt = Zi(j _i)!bjxk :
Jj=i
— But then we see that the left-hand side is
di. o)
dA" [y

and the right hand side is
di
dat

n—1
> i)V

A=Ak j=0

as desired.

e We have shown that any by, ..., b,_1 with e'4 = Z?:_& bj A7 must satisfy (Ey, ;) with 0 <1 < m/.
Let us call the set of these equations &’. It remains to show that the b; can be so chosen as to
also satisfy (Ey, ;) with m’ < i < m. Let us write £ for the entire system of equations. Hence &£
is a system of n equations, and £’ is a system of d equations, where d is the degree of the minimal
polynomial of A.

— Now, by the remark above about the invertibility of the coeflicient matrix of the system &, we
know that there is a unique solutions bg, ..., b,_1 to the entire system &.

— Since, by the Cayley-Hamilton argument we gave previously, each A' with [ > d, as well as

et is a linear combination of A%, ..., A%1 it follows that there exist functions by, ..., bg_1
satisfying
n—1 d—1
=D b AT =D b1 A ()
j=d J=0



— Let us now consider £ to be a system of equations in by, ..., bs_1, by fixing the values of the
remaining variables by, ...,b,—1 to be by, ..., by_1.

— By the first part of the proof, we know that any bo,...,bq—1 satisfying (%) must also satisfy
E'. We also know that by, ...,bs_1 satisfy &’

— But the coefficients matrix of £ is a d xd (generalized) Vandermonde matrix, and is hence
invertible, and so we conclude that b; = b; for j =0,...,d — 1.

— Hence, finally, we have that bos - -, b1 satisfy both £ and e'4 = Z?:_ol BjAj, as desired.
Example 13.2.5 again

e Let us now repeat Example 13.2.5 but now using this theorem. We have A = [_O 4 _1 4} .

e We know that e'4 = by(t)I 4 by (t)A for some functions by and by.

e Moreover, since we have a single eigenvalue A\; = —2 with multiplicity 2, the theorem says that we
have the equations
M= bo(H)AY + by (H)A] bo(t)A? + by ()AL,

d)\ )\:)\1

)\:)\1 d)\

ie.,

e 2t =bo(t) —2b(t)  te * =by(2).
e We thus have b; = te~ 2! and hence by = e~ 2! + 2te™2.
e We conclude that

_or |14 2t t
tA -2t
et =bl+bA=c¢ [—4t 1—2t]’

which is the same answer we got before.
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27 May 7, 13.3: Nonhomogeneous systems

27.1 13.3A: Solution formula

e We can handle non-homogeneous linear systems of ODEs just in the same way we handled a single
non-homogeneous linear equation, using exponential multipliers.

e [irst, let us recall the general linear-algebra fact that given any particular solution xp, to the equation
x(t) = Ax(t) + b(t),
the general solution will be
X = Xp + X,

where xy, is a general homogeneous solution, i.e., a general solution to

x(t) = Ax(t).

e Thus, since we already know how to solve the homogeneous equation, finding the general solution
to the inhomogeneous equation amounts to finding any one particular solution.

Theorem 3.2

e For any tp € R, a particular solution x, to
x(t) = Ax(t) + b(t)

is given by

t
xp(t) = et / e ™b(r)dr
t

0

e Remarks:

— From the just-mentioned general principle about inhomogeneous equations, it follows that the

general solution is
¢

X =Xp+Xp= etA/t e ™b(r)dr + et
0

with ¢ € K.
— Note that if we change tg, this will simply have the effect of modifying the constant c.

— More generally, if we replace ftto e~ "™b(r)dr with any antiderivative of e *Ab(t), we will
obtain a general solution.

x Unlike in the single-variable case, the general antiderivative of a vector-valued function
y(t) is not f;to y(7)dr but rather (fttl y1(7) dT,...,ﬁn Yn(7)dT), ie., we can choose a
different constant of integration on each component.

*x Hence, concretely, instead of fti e_TAb(T) d7, we can just choose an antiderivative of each
component of e~*4b(t).

x Note that in the book, they denote this by fe_tAb(t) dt, but beware that, as we just

said, this does not correspond to a single definite integral, but rather a separate definite
integral on each component.
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+ Finally, note that if we take a general anti-derivative [ e~*Ab(t)d¢ in this sense, the result
eth f e_tAb(t) dt is actually the general solution, since the varying choices of the constant
c in the homogeneous term simply correspond to different choices of anti-derivatives.

e Proof:

— As mentioned, the proof is just an application of exponential multipliers.

— We multiply both sides of the equation x = Ax 4+ b by the invertible matrix e*4 to obtain the
equivalent equation
e Mx — et Ax = D,
which we can also write as :

T (e_tAx) = ¢ b,

— Applying the fundamental theorem of calculus coordinate-wise, we find a particular solution
to this equation by integrating from any tg:

t
e %, (1) :/ e ™b(7)dr.
t

0

— We then solve for xp:

t
Xp = etA/ e ™b(7)dr.
to

— As mentioned above, in the penultimate step, we could have instead chosen an arbitrary
antiderivative “ [ e7*4b(t) dt”, and would then arrive instead at the general solution x(t) =
et [ e=tb(t) dt.

Example 13.3.1

o Let’s solve .
) 1 1 e
x—Ax—i-b—[O Jx—kL_t}

e We have already considered the corresponding homogeneous equation: since A is in Jordan normal
form, we have
to4ot
e’ te
o)
0 e
and hence the general homogeneous solution is
At [01 et + CQtet:|

Xp =€ 7C=
02€t

e We now compute a particular inhomogeneous solution.
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— We have

Xp = etA/e_tAb(t) dt
et —te? et
oy
=2t
:etA/ [1 efgt }dt
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e Hence, the general solution is
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