Homework 5
Due: Wednesday, February 14
Math 435, Fall 2024

Problem 1. Let V and W be vector spaces.

(a) Prove that the operation ®: 7% x 7! — T**! is bilinear, i.e., given k-tensors 5,5’ € T*, I-tensors
T,7" € T', and a € R, we have:

(S+9NVT=ST+S8eT ST+T)=SxT+ST  (aS)®T=a(S®T)=S® (aTl)

(b) Prove that ® is associative, i.e., for any k-tensor S, I-tensors T', and m-tensor U, we have (S®T)®@U =
S ((TeU)

(c) Prove that for any linear map f: V — W and tensors S and T on W, we have f*(S®T) = f*S® f*T.

Problem 2. Let V and W be vector spaces.
(a) Prove that A: A*(V) x AL(V) — AFTL(V) is bilinear
(b) Prove that for A: A¥(V) and AY(V), we have w An = (—1)¥n A w.
Hint: Show that there is a permutation T € Sgy; such that for any vy, ..., vx € V, we have
W1,y vk) (Vs - Vi) = 0(0r1)s -5 Vr)) S W(Ur41)s - Vr(i4k)) s

and hence, given any permutation o € Sk, we have

WV (1)s -+ 5 Vo)) - NVa(i41)s - - > Vo(i4k)) = MVr(a(1))s - - s V(r(a(l))) " C(Vr(o(41))s - - > Vir(o(i+k)))s
= N(V(roa)(1))s - - - s V(roo) (1)) * W(V(roa)(i41)s - - s V(roo)(i+k) )
where T o o is the composite permutation. What is sgn 7 ¢
Then recall that composing with T (i.e., the operation o — Toa) is a bijection (with inverse o — 7 1oo),

hence deskH g = ZUESk+l aroo for any collection {as}oes,, ., -

(¢) Prove that for any linear map f: V — W and alternating tensors w and n on W, we have f*(w An) =

frw) A fr(n).
Problem 3. Spivak 4-1

Problems. 4-1.* Let ¢4, . . . 4 be the usual basis of R™ and let
@1, - - +» y¢n be the dual basis.
(a) Show that @; A - - - A @i, (e, . .. &) = 1. What
would the right side be if the factor (k + I)!/k!l! did not appear in
the definition of A?

(b) Show that o;; A - -« A gy (n, . .. ,u) 18 the determinant
L5

of the k X k minor of . obtained by selecting columns
Uk

1, « « « ik

Problem 4. Show that for any vector space V and any ¢1,...,0r € V* and any vy,...,vp € V, we have
©1 ANRERA Spk‘(vla s 7/Uk‘) = det ([QDZ(U])]i]:l)



