
Homework 5
Due: Wednesday, February 14

Math 435, Fall 2024

Problem 1. Let V and W be vector spaces.

(a) Prove that the operation ⊗ : T k × T l → T k+l is bilinear, i.e., given k-tensors S, S′ ∈ T k, l-tensors
T, T ′ ∈ T l, and a ∈ R, we have:

(S + S′)⊗ T = S ⊗ T + S′ ⊗ T S ⊗ (T + T ′) = S ⊗ T + S ⊗ T ′ (aS)⊗ T = a(S ⊗ T ) = S ⊗ (aT )

(b) Prove that ⊗ is associative, i.e., for any k-tensor S, l-tensors T , and m-tensor U , we have (S⊗T )⊗U =
S ⊗ (T ⊗ U)

(c) Prove that for any linear map f : V →W and tensors S and T on W , we have f∗(S ⊗ T ) = f∗S ⊗ f∗T .

Problem 2. Let V and W be vector spaces.

(a) Prove that ∧ : Λk(V )× Λl(V )→ Λk+l(V ) is bilinear

(b) Prove that for ∧ : Λk(V ) and Λl(V ), we have ω ∧ η = (−1)klη ∧ ω.
Hint: Show that there is a permutation τ ∈ Sk+l such that for any v1, . . . , vk+l ∈ V , we have

ω(v1, . . . , vk) · η(vl+1, . . . , vl+k) = η(vτ(1), . . . , vτ(l))) · ω(vτ(l+1), . . . , vτ(l+k)),

and hence, given any permutation σ ∈ Sk+l, we have

ω(vσ(1), . . . , vσ(k)) · η(vσ(l+1), . . . , vσ(l+k)) = η(vτ(σ(1)), . . . , v(τ(σ(l))) · ω(v(τ(σ(l+1)), . . . , v(τ(σ(l+k))),

= η(v(τ◦σ)(1)), . . . , v(τ◦σ)(l))) · ω(v(τ◦σ)(l+1), . . . , v(τ◦σ)(l+k)),

where τ ◦ σ is the composite permutation. What is sgn τ?
Then recall that composing with τ (i.e., the operation σ 7→ τ ◦σ) is a bijection (with inverse σ 7→ τ−1◦σ),
hence

∑
σ∈Sk+l

aσ =
∑

σ∈Sk+l
aτ◦σ for any collection {aσ}σ∈Sk+l

.

(c) Prove that for any linear map f : V → W and alternating tensors ω and η on W , we have f∗(ω ∧ η) =
f∗(ω) ∧ f∗(η).

Problem 3. Spivak 4-1

Problem 4. Show that for any vector space V and any ϕ1, . . . , ϕk ∈ V ∗ and any v1, . . . , vk ∈ V , we have
ϕ1 ∧ · · · ∧ ϕk(v1, . . . , vk) = det

(
[ϕi(vj)]

k
i,j=1

)
.


